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1 �§��Ñ!½)^�

~~~ 1.1 [\(½��)É,«	.�Ï
�)p��Ä, ±u(x, t) L«·��

3x:?�:3��t lm�5 �� £. b��ÄL§¥¤u)�Üå

Ñl��½Æ,Áy²u(x, t)÷v�§

∂

∂t

(
ρ(x)

∂u
∂t

)
=

∂

∂x

(
E
∂u
∂x

)
,

Ù¥ρ�\��Ý, E�
¼�þ.

): d[\�b�, 3\�R��\�z���¡þ�z�:å� £�

�/´�Ó�. �\��à�¡�/%��:,\¶�x¶. ?�(x, x + ∆x)þ

1
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��ãB��L\±ïÄ. t��, B�üà £©OP�u(x, t)Úu(x+∆x, t) =

u(x, t) + ∆u, Bã����u(x + ∆x, t) − u(x, t) = ∆u,�é��K�

u(x + ∆x, t) − u(x, t)
∆x

=
∆u
∆x

=
∂u
∂x

(x, t), ∆x→ 0.

dHooke½Æ, Büà�Üå©O�E(x)ux|x, E(x)ux|x+∆x. Bã�$Ä�§�

S ρ(x)∆x
∂2u
∂t2 (x, t) = E(x)S ux|x+∆x − E(x)S ux|x

Ù¥S �[\�¡¡È, x�Bã­%�I.��S ,-∆x→ 0,k

∂

∂t

(
ρ(x)

∂u
∂t

)
=

∂

∂x

(
E(x)

∂u
∂x

)
.

~~~ 1.2 3\p��Ä�,b�(1)à:�½, (2)à:gd, (3)à:�½3�5

| þ,Á©O�Ñùn«�¹e¤éA�>.^�.

): (1) u(0, t) = u(l, t) = 0;

(2)à:gd,=à:?Ã	å�^.3�à:S E(0) ∂u
∂x (0, t) = 0,= ∂u

∂x (0, t) =

0. Ónmà: ∂u
∂x (l, t) = 0.

(3)à:�½3�5|«þ,à:É�	å�| �C/¤'~. X�à

k�5|«,�5Xê��k,K

S E(0)
∂u
∂x

(0, t) = ku(0, t),
(
−
∂u
∂x

+ hu
)∣∣∣∣∣∣

x=0

= 0 h =
k

E(x)S
.

Ónmà: (
∂u
∂x

+ hu
)∣∣∣∣∣∣

x=l

= 0.

~~~ 1.3 Áy: �I/Í¶�p��Ä�§�

E
∂

∂x

[(
1 −

x
h

)2 ∂u
∂x

]
= ρ

(
1 −

x
h

)2 ∂2u
∂t2 ,

Ù¥h��I�p.

): �ì1�Kk(R��I�.¡�»)

ρV(x)
∂2u
∂t2 (x, t) = ES (x + ∆x)

∂u
∂x

(x + ∆x, t) − ES (x)
∂u
∂x

(x, t)

Ù¥

V(x) = πR2
(
1 −

x
h

)2
∆x + o(∆x), S (x) = πR2

(
1 −

x
h

)2
.

-∆x→ 0,=�(Ø.
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~~~ 1.4 ýéR^
þ!�u�k�à�½,3§��­å�^e,d�?u

YR�²ï �,Á�Ñd����î�Ä�§.

): �u��l, �uþà:��:, �YR�e�¶�x ¶. �u(x, t) ��

�t, x?�î� £. � u(x, x + ∆x)���?1©Û,dýéR^�b�,

u�ÜåT ���o´÷u�����.qd���Ä�b�ux � 1. Ïd

@�u3�ÄL§¥Ø��,�ÜåT ��mÃ'.�	Éå²ï(α1, α2 �

ÜåT ����ç���Y�)

T (x + ∆x) cosα2 − T (x) cosα1 = −ρg∆x, (1)

T (x + ∆x) sinα2 − T (x) sinα1 = ρ∆xutt. (2)

d(1)�
dT
dx

= −ρg ⇒ T = −ρgx + C.


x = 0�, T (0) = ρgl,�C = ρgl,¤±

T (x) = ρg(l − x).

q

sinα2 ≈ tanα2 =
∂u
∂x

(x + ∆x, t),

sinα1 ≈ tanα1 =
∂u
∂x

(x, t).

d(2)�

∂

∂x

[
T (x)

∂u(x)
∂x

]
= ρ

∂2u
∂t2

⇒
∂2u
∂t2 = g

∂

∂x

[
(l − x)

∂u
∂x

]
.

O

x

T

T

x
x + ∆x

~~~ 1.5 �R^þ!�[u,�à�½,,�à´�5|«. �Tu3{å��

Ý¤�'�0�¥����î�Ä,Á�Ñu� £¤÷v�½)¯K.

): k, σ��~ê
utt − a2uxx + kut = 0, 0 < x < l, t > 0,

u|t=0 = ϕ(x), ut|t=0 = ψ(x),

u|x=0 = 0,

(ux + σu)|x=l = 0.

à°7 htqi2008@gmail.com 3
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~~~ 1.6 eF(ξ), G(ξ)þ�ÙC���gëY��¼ê,�yF(x− at), G(x + at)

þ÷vu�Ä�§(1.11).

~~~ 1.7 �yu(x, y, t) = 1/
√

t2 − x2 − y2 3It2 − x2 − y2 > 0 ¥÷vÅÄ�

§utt = uxx + uyy.

2 �K��úª!Å�DÂ

~~~ 2.1 y²�§
∂

∂x

[(
1 −

x
h

)2 ∂u
∂x

]
=

1
a2

(
1 −

x
h

)2 ∂2u
∂t2

(h > 0~ê)�Ï)�±�¤

u =
F(x − at) + G(x + at)

h − x
,

Ù¥F,G�?¿�äk��ëY�ê�üCþ¼ê,¿dd¦)§�Ð�¯

K:

t = 0 : u = ϕ(x),
∂u
∂t

= ψ(x).

): (1)-v(x, t) = (h − x)u(x, t)¿�\�§�

vtt = a2vxx,

?


u =
v

h − x
=

F(x − at) + G(x + at)
h − x

.

(2)  vtt = a2vxx,

t = 0 : v = (h − x)ϕ(x), vt = (h − x)ψ(x).

dd’Alembertúªk

v(x, t) =
1
2

[(h − x + at)ϕ(x − at) + (h − x − at)ϕ(x + at)] +
1

2a

∫ x+at

x−at
(h − ξ)ψ(ξ)dξ.

2d(1)�d½)¯K�).

5µd¯K��d(1)¿|^Ð©^�û½F ÚG.

~~~ 2.2 ¯Ð©^�ϕ(x)�ψ(x)÷vN��^��,àgÅÄ�§Ð�¯K�

)=dmDÂÅ|¤?

à°7 htqi2008@gmail.com 4
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): dK¿�

G(x) =
1
2
ϕ(x) +

1
2a

∫ x

x0

ψ(ξ)dξ −
C
2a
≡ const.

�G′(x) = 0,=

aϕ′(x) + ψ(x) = 0.

~~~ 2.3 |^DÂÅ{,¦)ÅÄ�§��â(Goursat)¯K
∂2u
∂t2 = a2 ∂

2u
∂x2 ,

u|x−at=0 = ϕ(x),

u|x+at=0 = ψ(x), (ϕ(0) = ψ(0)).

): �u(x, t)äk1Å)u = F(x − at) + G(x + at),d>.^��

F(0) + G(2x) = ϕ(x), F(2x) + G(0) = ψ(x).

F(x) = ψ(x/2) −G(0), G(x) = ϕ(x/2) − F(0), F(0) + G(0) = ϕ(0) = ψ(0).

⇒ u(x, t) = ψ
( x − at

2

)
+ ϕ

( x + at
2

)
− ϕ(0).

~~~ 2.4 é�àgÅÄ�§�Ð�¯K(2.5)!(2.6),y²: � f (x, t)ØC�,

(1)XJÐ©^�3x ¶�«m[x1, x2]þu)Cz, @oéA�)3«

m[x1, x2]�K�«�	Øu)Cz;

(2)3x¶«m[x1, x2]þ¤��Ð©^���(½«m[x1, x2]�û½«

�¥)�ê�.

): á�K�«�!û½«��½Â.

~~~ 2.5 ¦) 
utt − a2uxx = 0, x > 0, t > 0,

u|t=0 = ϕ(x), ut|t=0 = 0,

ux − kut|x=0 = 0,

Ù¥k��~ê.

): ÅÄ�§�Ï)�u = F(x − at) + G(x + at),dÐ©^��

F(x) + G(x) = ϕ(x), −aF′(x) + aG′(x) = 0

F(x) −G(x) = C, F(x) =
1
2
ϕ(x) +

C
2
, G(x) =

1
2
ϕ(x) −

C
2
,

à°7 htqi2008@gmail.com 5
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Ù¥C = F(0) −G(0). dux + at ≥ 0, G(x + at) = 1
2ϕ(x + at) − C

2 . �x − at ≥ 0

�, F(x− at) = 1
2ϕ(x− at) + C

2 . d�u(x, t) = 1
2 [ϕ(x + at) +ϕ(x− at)]. �x− at < 0

�,d>.^��

(1 + ka)F′(−at) + (1 − ka)G′(at) = 0 ⇒ (1 + ka)F′(−x) + (1 − ka)G′(x) = 0.

éþªl0�xÈ©

−(1 + ka)F(−x) + (1 − ka)G(x) = C1, C1 = −(1 + ka)F(0) + (1 − ka)G(0).

F(−x) =
1 − ka
1 + ka

G(x) −
C1

1 + ka
,

F(x − at) = F(−(at − x)) =
1 − ka
1 + ka

G(at − x) −
C1

1 + ka
.

⇒ u(x, t) =
1
2
ϕ(x + at) +

1 − ka
2(1 + ka)

ϕ(at − x) +
ka

1 + ka
ϕ(0).

~~~ 2.6 ¦)Ð>�¯K
utt − uxx = 0, 0 < t < kx, k > 1,

u|t=0 = ϕ0(x), x ≥ 0,

ut|t=0 = ϕ1(x), x ≥ 0,

u|t=kx = ψ(x),

Ù¥ϕ0(0) = ψ(0).

): �x − t ≥ 0�,dd’Alembertúªk

u(x, t) =
1
2

[ϕ0(x − t) + ϕ0(x + t)] +
1
2

∫ x+t

x−t
ϕ1(ξ)dξ.

x− t < 0�,�u = F(x− t)+G(x+ t).�t = x�,§A�þª�)�Ó.�t = kx

�,|^>.^�k

F(0) + G(2x) =
1
2

[ϕ0(0) + ϕ0(2x)] +
1
2

∫ 2x

0
ϕ1(ξ)dξ,

F((1 − k)x) + G((1 + k)x) = ψ(x).

d±þüª)F ÚG�

u(x, t) = ψ
( x − t
1 − k

)
+

1
2

[
ϕ0(x + t) − ϕ0

(
1 + k
1 − k

(x − t)
)]

+
1
2

∫ x−t

1+k
1−k (x−t)

ϕ1(ξ)dξ, x < t < kx

à°7 htqi2008@gmail.com 6
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~~~ 2.7 ¦)Ð>�¯K 
utt − uxx = 0, x < t < f (x),

u|t=x = ϕ(x),

u|t= f (x) = ψ(x),

Ù¥ϕ(0) = ψ(0), t = f (x)�d�:Ñu�!0uA��x = t�x = −t�m�

1w­�,�é��x, f ′(x) , 1.

): �Ï)�u = F(x − t) + G(x + t),ò>.^��\�

F(0) + G(2x) = ϕ(x),

F(x − f (x)) + G(x + f (x)) = ψ(x).

d f ′(x) , 1,�kx − f (x) = y�)�x = h(y). dþ¡üª�)�

G(x) = ϕ
( x
2

)
− F(0), F(y) = ψ(h(y)) − ϕ

(
h(y) −

y
2

)
+ F(0),

�\Ï)L�ª�

u = ϕ
( x + t

2

)
− ϕ

(
h(x − t) −

x − t
2

)
+ ψ(h(x − t)).

~~~ 2.8 ¦)ÅÄ�§�Ð>�¯K ∂2u
∂t2 −

∂2u
∂x2 = t sin x,

u|t=0 = 0, ∂u
∂t

∣∣∣
t=0

= sin x.

):

u(x, t) =
1
2

∫ x+t

x−t
sin ξdξ +

1
2

∫ t

0

∫ x+(t−τ)

x−(t−τ)
τ sin ξdξdτ

= t sin x.

~~~ 2.9 ¦)ÅÄ�§�Ð>�¯K
utt = a2uxx + tx

(1+x2)2 ,

u|t=0 = 0,

ut|t=0 = 1
1+x2 .

):

u(x, t) =
1
2a

∫ x+at

x−at

1
1 + ξ2 dξ +

1
2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)

τξ

(1 + ξ2)2 dξdτ

= −
1

4a3

[
1
2

ln
1 + (x − at)2

1 + (x + at)2 − 2at arctan x + (x + at − 2a2) arctan(x + at)

− (x − at − 2a2) arctan(x − at)
]
.

à°7 htqi2008@gmail.com 7



5êÆÔn�§6SK�ùÂ ìÀ�Æ%°©�

3 Ð>�¯K�©lCþ{

~~~ 3.1 ^©lCþ{¦e�¯K�):

(1)



∂2u
∂t2 = a2 ∂2u

∂x2 ,

u|t=0 = sin 3πx
l ,

∂u
∂t

∣∣∣
t=0

= x(l − x) (0 < x < l),

u(0, t) = u(l, t) = 0.

(2)



∂2u
∂t2 − a2 ∂2u

∂x2 = 0,

u(0, t) = 0, ∂u
∂x (l, t) = 0

u(x, 0) = h
l x,

∂u
∂t (x, 0) = 0.

): (1)÷v>.^��)�

u(x, t) =

∞∑
k=1

(
Ak cos

kπa
l

t + Bk sin
kπa

l
t
)

sin
kπ
l

x.

dÐ©^��:
∞∑

k=1

Ak sin
kπ
l

x = sin
3π
l

x,

∞∑
k=1

Bk
kπa

l
sin

kπ
l

x = x(l − x).

⇒ A3 = 1, Ak = 0, k , 3;

Bk =
2

kπa

∫ l

0
x(l − x) sin

kπx
l

dx =

 8l3
(2n−1)4π4a , k = 2n − 1,

0, k = 2n.

⇒ u(x, t) = cos
3πa

l
t sin

3π
l

x +
8l3

π4a

∞∑
n=1

1
(2n − 1)4 sin

(2n − 1)πa
l

t sin
(2n − 1)π

l
x.

(2)÷v>.^��)�

u(x, t) =

∞∑
k=0

Ak cos
(k + 1

2 )πa
l

t + Bk sin
(k + 1

2 )πa
l

t
 sin

(k + 1
2 )π

l
x.

dÐ©^��:
∞∑

k=0

Ak sin
(k + 1

2 )π
l

x =
h
l

x,

∞∑
k=0

Bk
(k + 1

2 )πa
l

sin
(k + 1

2 )π
l

x = 0.

⇒ Ak = (−1)k 2h
(k + 1

2 )2π2
, Bk = 0, k = 0, 1, 2, . . .

u(x, t) =

∞∑
k=0

(−1)k 2h
(k + 1

2 )2π2
cos

k + 1
2

l
πat sin

k + 1
2

l
πx.

à°7 htqi2008@gmail.com 8
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~~~ 3.2 ����à�½,�à3	å�^e�±Ï�Ä,d�½)¯K8(

� 
utt = a2uxx,

u(0, t) = 0, u(l, t) = A sinωt,

u(x, 0) = ∂u
∂t (x, 0) = 0.

¦)d¯K.

): duu´3x = làÉ½���ÄA sinωt�¹e��Ä,§�½k��

A)V(x, t)÷vÅÄ�§Ú�àg>.^�,�3x = làÓÚ�Ä,Ù�m

¼êA�sinωt,=V(x, t) = X(x) sinωt�\�§� X′′ + ω2

a2 X = 0,

X(0) = 0, X(l) = A.
⇒ V(x, t) =

A
sin ωl

a

sin
ωx
a

sinωt.

-u(x, t) = V(x, t) + W(x, t),KW(x, t)÷vXe½)¯K
Wtt = a2Wxx,

W(0, t) = 0, W(l, t) = 0,

W(x, 0) = 0, Wt(x, 0) = −Aω sin ωx
a / sin ωl

a .

W(x, t) =

∞∑
n=1

(
An cos

nπa
l

t + Bn sin
nπa

l
t
)

sin
nπ
l

x,

An = 0, Bn = (−1)n 2Aω
al

1
ω2/a2 − n2π2/l2 , n = 1, 2, . . .

nþ

u(x, t) =
A

sin ωl
a

sin
ωx
a

sinωt +
2Aω

al

∞∑
n=1

(−1)n

ω2/a2 − n2π2/l2 sin
nπa

l
t sin

nπ
l

x.

~~~ 3.3 ¦u�Ä�§

utt − a2uxx = 0, 0 < x < l, t > 0

÷v±e½)^��):

(1)
u|x=0 = ux|x=l = 0,

u|t=0 = sin 3
2lπx, ut|t=0 = sin 5

2lπx.
(2)

ux|x=0 = ux|x=l = 0,

u|t=0 = x, ut|t=0 = 0.

à°7 htqi2008@gmail.com 9
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): (1)÷v>.^��)�

u(x, t) =

∞∑
k=0

Ak cos
(k + 1

2 )πa
l

t + Bk sin
(k + 1

2 )πa
l

t
 sin

(k + 1
2 )π

l
x.

dÐ©^��:

∞∑
k=0

Ak sin
(k + 1

2 )π
l

x = sin
3π
2l

x,

∞∑
k=0

Bk
(k + 1

2 )πa
l

sin
(k + 1

2 )π
l

x = sin
5π
2l

x.

⇒ A1 = 1, Ak = 0, k , 1; B2 =
2l

5πa
, Bk = 0, k , 2.

u(x, t) = cos
3πa
2l

t sin
3π
2l

x +
2l

5πa
sin

5πa
2l

t sin
5π
2l

x.

(2)÷v>.^��)�

u(x, t) =
1
2

A0 +
1
2

B0t +

∞∑
k=1

(
Ak cos

kπa
l

t + Bk sin
kπa

l
t
)

cos
kπ
l

x.

dÐ©^��:
1
2

A0 +

∞∑
k=1

Ak cos
kπ
l

x = x,

1
2

B0 +

∞∑
k=1

Bk
kπa

l
cos

kπ
l

x = 0.

⇒ A0 = l, Ak = 2l
(−1)k − 1

k2π2 ; Bk = 0.

u(x, t) =
l
2
−

4l
π2

∞∑
k=1

1
(2k − 1)2 cos

(2k − 1)πa
l

t cos
(2k − 1)π

l
x.

~~~ 3.4 ^©lCþ{¦)Ð>�¯K:
utt − a2uxx = g, 0 < x < l, t > 0,

u|x=0 = ux|x=l = 0,

u|t=0 = 0, ut|t=0 = sin πx
2l ,

Ù¥g�~ê.
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): k¦)Xe¯K
utt − a2uxx = 0, 0 < x < l, t > 0,

u|x=0 = ux|x=l = 0,

u|t=0 = 0, ut|t=0 = sin πx
2l ,

Ù)�

u1(x, t) =
2l
πa

sin
πa
2l

t sin
π

2l
x.

2¦)Xe¯K 
utt − a2uxx = g, 0 < x < l, t > 0,

u|x=0 = ux|x=l = 0,

u|t=0 = 0, ut|t=0 = 0,

Ù)�

u2(x, t) =

∫ t

0

∞∑
k=0

2lg
π2a(k + 1

2 )2
sin

k + 1
2

l
πa(t − τ) sin

k + 1
2

l
πxdτ.

¤±�½)¯K�)�u(x, t) = u1(x, t) + u2(x, t).

~~~ 3.5 ^©lCþ{¦e¡¯K�):
utt = a2uxx + bshx,

u|t=0 = ut|t=0 = 0,

u|x=0 = u|x=l = 0.

):

Bk(τ) =
2

kπa

∫ l

0
bshξ sin

kπ
l
ξdξ =

2blshl
a(l2 + k2π2)

(−1)k+1

u(x, t) =

∫ t

0

∞∑
k=1

Bk(τ) sin
kπa

l
(t − τ)dτ · sin

kπ
l

x

=
2bl2shl
πa2

∞∑
k=1

(−1)k+1

l2 + k2π2

(
1 − cos

kπa
l

t
)

sin
kπ
l

x.

~~~ 3.6 ^©lCþ{¦e¡¯K�):
utt + 2but = a2uxx (b > 0),

u|x=0 = u|x=l = 0,

u|t=0 = h
l x, ut|t=0 = 0.
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): -u(x, t) = X(x)T (t),�\�§�:

XT ′′ + 2bXT ′ = a2X′′T ⇒
T ′′ + 2bT ′

a2T
=

X′′

X
= −λ.

��XeA��¯K X′′(x) + λX(x) = 0,

X(0) = X(l) = 0.
⇒

λ =
n2π2

l2 , Xn(x) = Cn sin
nπ
l

x,

(n = 1, 2, . . . )

T (t)÷vXe�§

T ′′ + 2bT ′ +
a2n2π2

l2 T = 0.

�[L§ë�5êÆÔn�§6£�L1!�cm!±Á?Í§E��

ÆÑ��§2003¤P37-39.

4 p�ÅÄ�§��Ü¯K

~~~ 4.1 |^Ñtúª¦)ÅÄ�§��Ü¯K:

(1)

 utt = a2(uxx + uyy + uzz),

u|t=0 = 0, ut|t=0 = x2 + yz;
(2)

 utt = a2(uxx + uyy + uzz),

u|t=0 = x3 + y2z, ut|t=0 = 0.

): (1)

u(x, y, z, t) =
1

4πa2t

"
S at

M

(ξ2 + ηζ)dS =
1

4πa2t

∫ π

0

∫ 2π

0
[(x + at cosϕ sin θ)2

+(y + at sinϕ sin θ)(z + at cos θ)]a2t2 sin θdϕdθ

= (x2 + yz)t +
a2t3

3
.

(2)

u(x, y, z, t) =
∂

∂t

 1
4πa2t

"
S at

M

(ξ3 + η2ζ)dS


=
∂

∂t

[
π

3
a2t3(3x + z) + (x3 + y2z)t

]
= x3 + y2z + (3x + z)a2t2.

~~~ 4.2 Á^ü�{�Ñu�Ä�§��K��úª.
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): dn�ÅÄ�§�Cauchy¯K�Poissonúªk

ξ = x + r cos θ, η = y + r cos φ sin θ, ζ = z + r sin φ sin θ, (r = at)

u(x, t) =
∂

∂t

[
1

4πa2t

"
S M

at

ϕ(ξ)dS
]

+
1

4πa2t

"
S M

at

ψ(ξ)dS

=
∂

∂t

[
1

4πa

∫ 2π

0

∫ π

0
ϕ(x + r cos θ)r sin θdθdφ

]
r=at

+

[
1

4πa

∫ 2π

0

∫ π

0
ψ(x + r cos θ)r sin θdθdφ

]
r=at

=
∂

∂t

[
−

1
2a

∫ π

0
ϕ(x + r cos θ)d(x + r cos θ)

]
r=at

−

[
1
2a

∫ π

0
ψ(x + r cos θ)d(x + r cos θ)

]
r=at

=
∂

∂t

[
−

1
2a

∫ x−at

x+at
ϕ(ξ)dξ

]
−

1
2a

∫ x−at

x+at
ψ(ξ)dξ

=
1
2

[ϕ(x + at) + ϕ(x − at)] +
1
2a

∫ x+at

x−at
ψ(ξ)dξ.

~~~ 4.3 ¦)²¡ÅÄ�§��Ü¯K
utt = a2(uxx + uyy),

u|t=0 = x2(x + y),

ut|t=0 = 0.

u(x, y, t) =
1

2πa

 ∂∂t

∫ at

0

∫ 2π

0

(x + r cos θ)2(x + r cos θ + y + r sin θ)√
(at)2 − r2

rdθdr


=

1
2πa

∂

∂t

∫ at

0

π[2x2(x + y) + πr2(3x + y)]√
(at)2 − r2

rdr

=
∂

∂t
[x2t(x + y) + a2t3(3x + y)/3] = x2(x + y) + a2t2(3x + y).

~~~ 4.4 ¦��ÅÄ�§�¶é¡)(=��ÅÄ�§�/Xu = u(r, t)�),

Ù¥r =
√

x2 + y2).

): ��ÅÄ�§�¶é¡)A÷v

∂2u
∂t2 = a2 1

r
∂

∂r

(
r
∂u
∂r

)
.
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-u(r, t) = R(r)T (t),�\þª(5¿: t → ∞�,)Ak.) k

T ′′

a2T
=

R′′ + 1
r R′

R
= −λ2 (λ > 0).

⇒ T (t) = C1 cos λat + C2 sin λat, R(r) = J0(λr) (J0(x)�0�1�aBessel¼ê),

u(r, t) = (C1 cos λat + C2 sin λat)J0(λr).

~~~ 4.5 ¦)e��Ü¯K:
utt = a2(uxx + uyy) + c2u,

u|t=0 = ϕ(x, y),

ut|t=0 = ψ(x, y).

): -v(x, y, z, t) = ecz/au(x, y, t),K�½)¯K=z�
vtt = a2(vxx + vyy + vzz),

v|t=0 = ecz/aϕ(x, y),

vt|t=0 = ecz/aψ(x, y).

dPoissonúªk

v =
∂

∂t

[
1

4πa2t

"
S M

at

e
cζ
a ϕ(ξ, η)dS

]
+

1
4πa2t

"
S M

at

e
cζ
a ψ(ξ, η)dS

=
∂

∂t

[
1

4πa2t

"
S M

at

ϕ(ξ, η)e
c
a z± c

a

√
(at)2−(ξ−x)2−(η−y)2

dS
]

+
1

4πa2t

"
S M

at

ψ(ξ, η)e
c
a z± c

a

√
(at)2−(ξ−x)2−(η−y)2

dS

=
e

c
a z

2πa
∂

∂t

"
ΣM

at

ϕ(ξ, η)ch
(

c
a

√
(at)2 − (ξ − x)2 − (η − y)2

)
√

(at)2 − (ξ − x)2 − (η − y)2
dξdη


+

e
c
a z

2πa

"
ΣM

at

ψ(ξ, η)ch
(

c
a

√
(at)2 − (ξ − x)2 − (η − y)2

)
√

(at)2 − (ξ − x)2 − (η − y)2
dξdη

~~~ 4.6 Á^àgz�n�Ñ²¡�àgÅÄ�§

utt = a2(uxx + uyy) + f (x, y, t)

3àgÐ©^�

u|t=0 = 0, ut|t=0 = 0

e�¦)úª.
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): dàgz�nu(x, y, t) =
∫ t

0
w(x, y, t; τ)dτ, w(x, y, t; τ)�±e½)¯K�

)

wtt = a2(wxx + wyy) (t > τ)

w|t=τ = 0, wt|t=τ = f (x, y, τ).

�â��Poissonúªk(r = a(t − τ))

w(x, y, t; τ) =
1

2πa

"
ΣM

r

f (ξ, η, τ)dξdη√
r2 − (ξ − x)2 − (η − y)2

,

u(x, y, t) =

∫ t

0

1
2πa

"
ΣM

r

f (ξ, η, τ)√
r2 − (ξ − x)2 − (η − y)2

dξdηdτ

=
1

2πa2

∫ at

0

"
ΣM

r

f (ξ, η, t − r
a )√

r2 − (ξ − x)2 − (η − y)2
dξdηdr.

~~~ 4.7 ^ü�{5¦)þ¡�¯K.

):

u(x, y, z, t) =
1

4πa2

$
r≤at

f (ξ, η, ζ, t − r
a )

r
dV

=
1

4πa2

$
r≤at

f (ξ, η, t − r
a )

r
dV

=
1

4πa2

∫ at

0

"
S M

r

f (ξ, η, t − r
a )

r
dS rdr

=
1

2πa2

∫ at

0

"
ΣM

r

f (ξ, η, t − r
a )√

r2 − (ξ − x)2 − (η − y)2
dξdηdr.

~~~ 4.8 )�àg�§��Ü¯K
utt = uxx + uyy + uzz + 2(y − t),

u|t=0 = 0,

ut|t=0 = x2 + yz.

):

u(x, y, z, t) =
1

4π

"
S M

t

(ξ2 + ηζ)dS +
1

4π

$
r≤t

2(η − t + r
a )

r
dV

= (x2 + yz)t +
t3

3
−

1
3

t2(t − 3y)

= (x2 + yz)t + yt2
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5 Å�DÂ�P~

~~~ 5.1 Á`²: é��ÅÄ�§¤£ã�Å�DÂL§��äk��y�.

):

u(x, t) =
1
2

[
ϕ(x + at) + ϕ(x − at)

]
+

1
2a

∫ x+at

x−at
ψ(α)dα

~~~ 5.2 Á`²: é��ÅÄ�§,=¦Ð©]�äk;|8,�t → +∞�Ù

�Ü¯K�)vkP~5.

): �Ð©]�ϕ, ψäk;|8, K�3��~êρ > 0, ¦ϕ9ψ3[−ρ, ρ]

	ð�u",
3[−ρ, ρ]S¤á|ϕ|, |ψ| ≤ C. é¿©��t,k

u(x, t) =
1
2

[
ϕ(x + at) + ϕ(x − at)

]
+

1
2a

∫ x+at

x−at
ψ(α)dα

=
1
2a

∫ ρ

−ρ

ψ(α)dα = const.

¤±,��ÅÄ�§�Ü¯K�)vkP~5.

~~~ 5.3 �u�Ð©]�ϕ9ψäk;|8���ÅÄ�§�). Áy²: é?

¿�½�(x0, y0) ∈ R2,¤á

lim
t→+∞

u(x0, y0, t) = 0.

): Ð©]�ϕ9ψäk;|8,K�3��~êρ > 0,¦ϕ9ψ33±�

:�¥%!ρ��»��ΣO
ρ 	ð�u",
3�ΣO

ρ S¤á|ϕ|, |ψ| ≤ C. é�½

�(x, y)Ú¿©��t

u(x, y, t) =
1

2πa

 ∂∂t

∫ at

0

∫ 2π

0

ϕ(x + r cos θ, y + r sin θ)√
(at)2 − r2

rdθdr

+

∫ at

0

∫ 2π

0

ψ(x + r cos θ, y + r sin θ)√
(at)2 − r2

rdθdr



à°7 htqi2008@gmail.com 16



5êÆÔn�§6SK�ùÂ ìÀ�Æ%°©�

=
1

2πa

 ∂∂t

∫ ρ

0

∫ 2π

0

ϕ(x + r cos θ, y + r sin θ)√
(at)2 − r2

rdθdr

+

∫ ρ

0

∫ 2π

0

ψ(x + r cos θ, y + r sin θ)√
(at)2 − r2

rdθdr


=

1
2πa

∫ ρ

0

∫ 2π

0

∂

∂t
ϕ(x + r cos θ, y + r sin θ)√

(at)2 − r2
rdθdr

+

∫ ρ

0

∫ 2π

0

ψ(x + r cos θ, y + r sin θ)√
(at)2 − r2

rdθdr

 ,
⇒ lim

t→+∞
u(x0, y0, t) = 0.

6 UþØ�ª!ÅÄ�§)���5Ú­½5

~~~ 6.1 éÉ�Þå�^�ä�½à:�k.u�Ä,÷v�§

utt = a2uxx − cut,

Ù¥~êc > 0,y²ÙUþ´~��,¿ddy²�§

utt = a2uxx − cut + f

�Ð>�¯K)���5±9'uÐ©^�9gd��­½5.

): PE(t) =

∫ l

0
(u2

t + a2u2
x)dx

dE(t)
dt

= 2
∫ l

0
(ututt + a2uxuxt)dx

= 2
∫ l

0

[
ut(utt − a2uxx) + a2 ∂

∂x
(utux)

]
dx

= −2
∫ l

0
cu2

t dx + 2a2utux|
l
0 = −2

∫ l

0
cu2

t dx ≤ 0,

�ÙUþ´~��.

�yXeÐ>�¯K)���5,

utt = a2uxx − cut + f ,
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u(0, t) = 0, u(l, t) = 0,

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x),

�Iy²àg½)¯K�k")

vtt = a2vxx − cvt,

v(0, t) = 0, v(l, t) = 0,

v(x, 0) = 0, vt(x, 0) = 0.

�âUþØ�ª�Ñ

E(t) ≤ E(0) =

∫ l

0
[vt(x, 0) + a2v2

x(x, 0)]dx = 0

vt = vx = 0, ⇒ v ≡~ê.

dÐ©^��v ≡ 0,�y.

'uÐ©^��­½5: PE0(t) =

∫ l

0
u2dx,

dE0(t)
dt

= 2
∫ l

0
uutdx ≤

∫ l

0
u2dx +

∫ l

0
u2

t dx ≤ E0(t) + E(t)

⇒ E0(t) ≤ etE0(0) + et
∫ t

0
e−τE(τ)dτ ≤ etE0(0) + E(0)(et − 1).

�âþª, �Ð��þ��é��, é�½�T , t ≤ T �Ù)�þ���é

�. Ï
'uÐ©^�´­½�.

Xk	å��^,d�½)¯K�

utt = a2uxx − cut + f ,

u(0, t) = 0, u(l, t) = 0, u(x, 0) = 0, ut(x, 0) = 0.

d�E0(0) = E(0) = 0,�

dE(t)
dt

= 2
∫ l

0
ut(−cut + f )dx = −2c

∫ l

0
u2

t dx + 2
∫ l

0
ut f dx ≤ E(t) +

∫ l

0
f 2dx,

⇒ E(t) ≤ C0

(
E(0) +

∫ T

0

∫ l

0
f 2dxdt

)
= C0

∫ T

0

∫ l

0
f 2dxdt.

E0(t) ≤ etE0(0) + et
∫ t

0
e−τE(τ)dτ ≤ A

∫ T

0

∫ l

0
f 2dxdt. �
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~~~ 6.2 y²¼ê f (x, t)3G : 0 ≤ x ≤ l, 0 ≤ t ≤ T ���UC�,�§

∂2u
∂t2 =

∂

∂x

(
k(x)

∂u
∂x

)
− q(x)u + f (x, t),

(Ù¥k(x) > 0!q(x) > 0Ú f (x)Ñ´�
¿©1w�¼ê)ä�½>.^��

Ð>�¯K�)3GS�UC�´é���.

): -E(t) =

∫ l

0
[u2

t + k(x)u2
x + q(x)u2]dx, E0(t) =

∫ l

0
u2dx,

E′(t) = 2
∫ l

0
(ututt + kuxuxt + quut)dx

= 2
∫ l

0
ut[utt − (kux)x + qu]dx + 2(kutux)|l0

= 2
∫ l

0
ut f dx ≤ E(t) +

∫ l

0
f 2dx.

⇒ E(t) ≤ etE(0) + et
∫ t

0
e−τdτ

∫ l

0
f 2(x, τ)dx.

E′0(t) = 2
∫ l

0
uutdx ≤ E0(t) + E(t),

⇒ E0(t) ≤ etE0(0) + et
∫ t

0
e−τE(τ)dτ.

�u(x, t)�÷vàgÐ>�^�½)¯K�),w,kE0(0) = E(0) = 0.

E0(t) ≤ C
∫ T

0

∫ l

0
f 2dxdt.

~~~ 6.3 y²ÅÄ�§

utt = a2(uxx + uyy) + f (x, y, t)

�gd� f 3L2(K)¿Âe���UC�,éA��Ü¯K�)u3L2(K)¿

Â�eUC�´���.

): �A�I: (x− x0)2 + (y− y0)2 ≤ (R− at)2,PΩt �t = const�dI���

Ü©. -

E1(Ωt) =

"
Ωt

[u2
t + a2(u2

x + u2
y)]dxdy, E0(Ωt) =

"
Ωt

u2dxdy.
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d
dt

E1(Ωt) = 2
∫ R−at

0

∫ 2πr

0
ut(utt − a2(uxx + uyy)dsdr

+ 2
∫

Γt

{a2[uxut cos(n, x) + uyut cos(n, y)] −
a
2

[u2
t + a2(u2

x + u2
y)]}ds

≤ 2
"

Ωt

ut f (x, y, t)dxdy ≤ E1(Ωt) +

"
Ωt

f 2dxdy.

PF(t) =

"
Ωt

f 2(x, y, t)dxdy,

⇒ E1(Ωt) ≤ etE1(Ω0) + et
∫ t

0
e−τF(τ)dτ

d
dt

E0(Ωt) = −a
∫

Γt

u2ds + 2
"

Ωt

uutdxdy ≤ E0(Ωt) + E1(Ωt),

⇒ E0(Ωt) ≤ etE0(Ω0) + et
∫ t

0
e−τE1(Ωτ)dτ.

�	Cauchy¯K

utt = a2(uxx + uyy) + f (x, y, t),

u|t=0 = 0, ut|t=0 = 0,

�)u,d�E0(Ω0) = E1(Ω0) = 0.

E0(Ωt) ≤ et
∫ t

0

∫ τ

0
e−ξF(ξ)dξdτ

éþªl0�R/a = T 'utÈ©�

‖u‖2L2(K) ≤ C‖ f ‖2L2(K),

C �=�6uT �~ê. Ïde3L2(K)¿Âe f 3���UC, u½���

�UC.

~~~ 6.4 �½à:k.u�gd�Ä�±©)¤�«ØÓ�kªÇ�7Å(�

Å)�U\,ÁO���7Å�ÄUÚ U,¿y²u�Ä�oUþ�u��

7ÅUþ�U\. ù�Ôn5�éA�êÆ¯¢´�o?

): d¯K�)�

u(x, t) =

∞∑
k=1

uk(x, t) =

∞∑
k=1

Nk cos(ωkt + θk) sin
kπ
l

x,
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Nk =

√
A2

k + B2
k , ωk =

kπa
l
, cos θk =

Ak√
A2

k + B2
k

, sin θk =
−Bk√
A2

k + B2
k

Ak =
2
l

∫ l

0
ϕ(ξ) sin

kπ
l
ξdξ, Bk =

2
kπa

∫ l

0
ψ(ξ) sin

kπ
l
ξdξ.

1kg�Å�Uþ�

Ek =

∫ l

0
[(uk)2

t + a2(uk)2
x]dx

= ω2
k N2

k

∫ l

0
[sin2(ωkt + θk) sin2 kπ

l
x + cos2(ωkt + θk) cos2 kπ

l
x]dx

=
1
2
ω2

k N2
k

∞∑
k=1

Ek =
(πa)2

2l

∞∑
k=1

k2N2
k .

,��¡

ut = −

∞∑
k=1

ωkNk sin(ωkt + θk) sin
kπ
l

x,

ux =

∞∑
k=1

Nk
kπ
l

cos(ωkt + θk) cos
kπ
l

x,

E =

∫ l

0
(u2

t + a2u2
x)dx

=

∞∑
k, j=1

ωkω jNkN j sin(ωkt + θk) sin(ω jt + θ j)
∫ l

0
sin

kπ
l

x sin
jπ
l

xdx

+

∞∑
k, j=1

k jπ2

l2 NkN j cos(ωkt + θk) cos(ω jt + θ j)
∫ l

0
cos

kπ
l

x cos
jπ
l

xdx

=
(πa)2

2l

∞∑
k=1

k2N2
k .

E =

∞∑
k=1

Ek.

d¯¢�N
A�¼êX���5,=¤áParseval�ª.

~~~ 6.5 �ÄÅÄ�§�1naÐ>�¯K

utt − a2(uxx + uyy) = 0, t > 0, (x, y) ∈ Ω,

u|t=0 = ϕ(x, y), ut|t=0 = ψ(x, y),(
∂u
∂n + σu

) ∣∣∣
Γ

= 0,
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Ù¥σ > 0´~ê, Γ�Ω�>., n�Γþ�ü 	{��þ. éuþã½)

¯K�),½ÂUþÈ©

E(t) =

"
Ω

(u2
t + a2(u2

x + u2
y))dxdy + a2

∫
Γ

σu2ds,

Áy²E(t) =~ê,¿ddy²þã½)¯K)���5.

): =yE′(t) = 0.

E′(t) = 2
"

Ω

[ututt + a2(uxuxt + uyuyt)]dxdy + 2a2
∫

Γ

σuutds

= 2
"

Ω

ut[utt − a2(uxx + uyy)]dxdy + 2a2
∫

Γ

ut

(
∂u
∂n

+ σu
)

ds

= 0.

�Iy²dÅÄ�§÷vàgÐ>^��½)¯K�k"),

E(t) = E(0) = 0.
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1 9D��§9Ù½)¯K��Ñ 1

2 Ð>�¯K�©lCþ{ 4

3 �Ü¯K 8

4 4��n!½)¯K)���5Ú­½5 12

5 )�ìC5� 15

1 9D��§9Ù½)¯K��Ñ

~~~ 1.1 �þ![\�»�l,b�§3Ó��¡þ�§Ý´�Ó�,\�L¡

Ú±�0�u)9��,¿Ñl5Æ

dQ = k1(u − u1)dS dt.

b�\��Ý�ρ§'9�c,9D�Xê�k,Á�Ñd�§Ýu÷v��§.

): �\¶�x¶,�	\ u[x, x + ∆x]��ã�9þ²ï. ü �mlý

¡6\�9þ�

dQ1 = −k1(u − u1)πl∆x;

ü �mlx?, x + ∆x?6\�9þ�

dQ2 = −k(x)
∂u
∂x

(x, t) ·
πl2

4
, dQ3 = k(x + ∆x)

∂u
∂x

(x + ∆x, t) ·
πl2

4
,

1
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�ü �m6\(x, x + ∆x)�9þ�

dQ = dQ1 + dQ2 + dQ3 =
∂

∂x

(
k(x)

∂u
∂x

)
x∗
·
πl2

4
∆x − k1(u − u1)πl∆x.

nþ,l��t1 �t2 6\ u[x1, x2]\ã�9þ�∫ t2

t1

∫ x2

x1

[
∂

∂x

(
k(x)

∂u
∂x

)
πl2

4
− k1(u − u1)πl

]
dxdt.


3ùã�mS[x1, x2]\ãS�:§Ýlu(x, t1)C�u(x, t2),ÙáÂ9þ�∫ x2

x1

cρ(u(x, t2) − u(x, t1))
πl2

4
dx =

∫ t2

t1

∫ x2

x1

πl2

4
cρ
∂u
∂t

dxdt.

�â9þÅð,¿5¿�x1, x2, t1, t2 �?¿5,�¤¦�§�

∂u
∂t

=
1
cρ

∂

∂x

(
k(x)

∂u
∂x

)
−

4k1

cρl
(u − u1).

~~~ 1.2 Á��í�*ÑL§¤÷v��©�§.

): �N(x, y, z, t)L«3��t, (x, y, z):?*ÑÔ��ßÝ, D(x, y, z)�*

ÑXê,3Ã¡��mãdtS,ÏLÃ¡�­¡¬dS ��þ�

dm = −D(x, y, z)
∂N
∂n

dS dt.

Ïdl��t1 �t2 6\«�Ω (Γ�Ω�L¡)��þ�∫ t2

t1

"
Γ

D(x, y, z)
∂N
∂n

dS dt =

∫ t2

t1

$
Ω

div(DgradN)dxdydzdt.

,	,l��t1 �t2, Ω¥TÔ��O\�$
Ω

[N(x, y, z, t2) − N(x, y, z, t1)]dxdydz =

$
Ω

∫ t2

t1

∂N
∂t

dtdxdydz.

�â�þÅð,¿5¿�Ω, t1, t2 �?¿5,�¤¦�§�

∂N
∂t

=
∂

∂x

(
D
∂N
∂x

)
+
∂

∂y

(
D
∂N
∂y

)
+
∂

∂z

(
D
∂N
∂z

)
.

~~~ 1.3 ¬(·Yè)SÜ;õX9þ,¡�Yz9,3§�Ó�Åì�Ñ,�9

�ÝÚ§¤;õ�Ys9¤�'. ±Q(t)L«§3ü NÈ¥¤;�9þ,

Q0 �Ð©��¤;�9þ,K dQ
dt = −βQ,Ù¥β��~ê. qb�¬�'9

�c,�Ý�ρ,9D�Xê�k,¦§3�Ó�§Ýu÷v��§.
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): �¬S:(x, y, z)3��t�§Ý�u(x, y, z, t),w,
dQ
dt

= −βQ,

Q(0) = Q0,
⇒ Q(t) = Q0e−βt.

´�t1 �t2 ��,¬S?�«�Ω¥�9þ�O\�ulΩ	Ü6\Ω�9

þ9¬¥�Yz9�Ú,=$
Ω

∫ t2

t1
cρ
∂u
∂t

dtdxdydz =

$
Ω

(Q(t1) − Q(t2))dxdydz+

∫ t2

t1

$
Ω

[
∂

∂x

(
k
∂u
∂x

)
+
∂

∂y

(
k
∂u
∂y

)
+
∂

∂z

(
k
∂u
∂z

)]
dxdydzdt

= −

$
Ω

∫ t2

t1

dQ
dt

dtdxdydz+

∫ t2

t1

$
Ω

[
∂

∂x

(
k
∂u
∂x

)
+
∂

∂y

(
k
∂u
∂y

)
+
∂

∂z

(
k
∂u
∂z

)]
dxdydzdt.

5¿�t1, t2 9Ω�?¿5,k

∂u
∂t

=
1
cρ

[
∂

∂x

(
k
∂u
∂x

)
+
∂

∂y

(
k
∂u
∂y

)
+
∂

∂z

(
k
∂u
∂z

)]
+
β

cρ
Q0e−βt.

~~~ 1.4 ��þ!���?3±��~ê§Ýu0 �0�¥,Áy: 3~>6�

^e���§Ý÷v�©�§

∂u
∂t

=
k
cρ
∂2u
∂x2 −

k1P
cρω

(u − u0) +
0.24i2r

cρω
,

Ù¥i9r ©OL«�N�>69>{, PL«î�¡�±�, ωL«î�¡

�¡È,
k1 L«��éu0��9��Xê.

): �11Kaq,���¶�x¶,3��t1 �t2 0u[x1, x2]���ã�9

þO\�: l���Ù§Ü©6\�9þ, lý¡6\�9þ±9>6Ï

L[x1, x2]ùã�)�9þ�Ú,=∫ t2

t1

∫ x2

x1

∂

∂x

(
k
∂u
∂x

)
ωdxdt −

∫ t2

t1

∫ x2

x1

k1P(u − u0)dxdt +

∫ x2

x1

∫ t2

t1
0.24

i2r
ω

dxdt.

Ïd�â9þ²ïÒ����§Ý÷v��§�

∂u
∂t

=
k
cρ
∂2u
∂x2 −

k1P
cρω

(u − u0) +
0.24i2r

cρω
.
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~~~ 1.5 �ÔNL¡�ýé§Ý�u, d�§�	.Ë�Ñ��9þ�dA

}-À�[ù(Stefan-Boltzmann)½Æ�'uu4,=

dQ = σu4dS dt.

b�ÔNÚ±�0��m�k9Ë�
vk9D�,qb�ÔN±�0��

ýé§Ý�®�¼ê f (x, y, z, t),¦d�TÔN9D�¯K�>.^�.

): �	>.þ�¡È��dS . 3dt�mS,²>.��6Ñ�9þ�(k�

9D�Xê)

−k
∂u
∂n

dS dt.

dT��Ë��	Ü0��9þ�

σu4dS dt.

	Ü0�ÏLT��Ë��ÔNL¡�9þ�

σ f 4dS dt.

�â9þ²ïk

−k
∂u
∂n

dS dt = σu4dS dt − σ f 4dS dt.

�¤¦>.^��

−k
∂u
∂n

= σ(u4 − f 4).

2 Ð>�¯K�©lCþ{

~~~ 2.1 ^©lCþ{¦e�½)¯K�):
ut = a2uxx (t > 0, 0 < x < π),

u(0, t) = ux(π, t) = 0 (t > 0),

u(x, 0) = f (x) (0 < x < π).

): �u(x, t) = X(x)T (t),K

T ′ + λa2T = 0,

X′′ + λX = 0, X(0) = X′(π) = 0.
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⇒ λk =

(
k +

1
2

)2

, k = 0, 1, 2, . . .

u(x, t) =

∞∑
k=0

Cke−(k+ 1
2 )2

a2t sin
(
k +

1
2

)
x.

dÐ©^��

f (x) =

∞∑
k=0

Ck sin
(
k +

1
2

)
x

⇒ Ck =
2
π

∫ π

0
f (ξ) sin

(
k +

1
2

)
ξdξ.

~~~ 2.2 ^©lCþ{¦)9D��§�Ð>�¯K:
ut = uxx (t > 0, 0 < x < 1),

u(x, 0) =

 x, 0 < x ≤ 1
2 ,

1 − x, 1
2 < x < 1,

u(0, t) = u(1, t) = 0 (t > 0).

):

u(x, t) =

∞∑
k=1

Cke−k2π2t sin kπx.

Ck = 2

∫ 1
2

0
ξ sin kπξdξ +

∫ 1

1
2

(1 − ξ) sin kπξdξ


=

4
k2π2 sin

kπ
2

=


0, k = 2n,

4(−1)n

(2n + 1)2π2 , k = 2n + 1,
n = 0, 1, 2, . . .

⇒ u(x, t) =

∞∑
n=0

4(−1)n

(2n + 1)2π2 e−(2n+1)2π2t sin(2n + 1)πx.

~~~ 2.3 XJk��Ý�l�þ![�,Ù±�±9üàx = 0, x = lþ�ý9,

Ð©§Ý©O�u(x, 0) = f (x),¯±����§Ý©ÙXÛ?�y²� f (x)�

u~êu0 �,ðku(x, t) = u0.

): 
ut = a2uxx,

ux|x=0 = ux|x=l = 0,

u|t=0 = f (x).

⇒ u(x, t) =

∞∑
k=0

Ck exp
(
−

k2π2

l2 a2t
)

cos
kπ
l

x

à°7 htqi2008@gmail.com 5
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C0 =
1
l

∫ l

0
f (ξ)dξ, Ck =

2
l

∫ l

0
f (ξ) cos

kπ
l
ξdξ (k , 0)

f (x) ≡ u0 ⇒ C0 = u0,Ck = 0 (k , 0) ⇒ u(x, t) ≡ u0.

~~~ 2.4 3«�t > 0, 0 < x < l¥¦)Xe�½)¯K:
ut = a2uxx − β(u − u0),

u(0, t) = u(l, t) = u0,

u(x, 0) = f (x),

Ù¥α, β, u0 þ�~ê, f (x)�®�¼ê.

): -u = u0 + v(x, t)e−βt,K�'uv�Xe½)¯K:

vt = a2vxx,

v(0, t) = v(l, t) = 0,

v(x, 0) = f (x) − u0.

)�

v(x, t) =

∞∑
k=1

Ck exp
(
−

k2π2a2

l2 t
)

sin
kπ
l

x,

Ù¥

Ck =
2
l

∫ l

0
( f (ξ) − u0) sin

kπ
l
ξdξ = fk +

2u0

kπ
((−1)k − 1),

fk =
2
l

∫ l

0
f (ξ) sin

kπ
l
ξdξ.

�k

u(x, t) = u0 +

∞∑
k=1

fk exp
(
−

k2π2a2

l2 t − βt
)

sin
kπ
l

x

−

∞∑
k=0

4u0

(2k + 1)π
exp

(
−

(2k + 1)2π2a2

l2 t − βt
)

sin
(2k + 1)π

l
x.
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~~~ 2.5 �Ý�l �þ![\�Ð©§Ý�0 ◦C, à:x = 0 �±~§u0, 


3x = lÚý¡þ,9þ�±uÑ�±��0�¥�,0��§Ý�0 ◦C,d�

\þ�§Ý©Ù¼êu(x, t)÷veã½)¯K:
ut = a2uxx − b2u,

u(0, t) = u0, (ux + Hu)|x=l = 0,

u(x, 0) = 0.

Á¦Ñu(x, t).

): -u(x, t) = e−b2tv(x, t) + ψ(x),K�ψ(x)÷v

ψ′′ −
b2

a2ψ = 0,

ψ(0) = u0, (ψ′ + Hψ)|x=l = 0

�, v(x, t)÷v 
vt = a2vxx,

v|x=0 = (vx + Hv)|x=l = 0,

v(x, 0) = −ψ(x).

´�

ψ(x) =
bch

(
b(l−x)

a

)
+ aHsh

(
b(l−x)

a

)
bch

(
bl
a

)
+ aHsh

(
bl
a

) u0.


'uv(x, t)�½)¯K�ëì�áP49^©lCþ{¦).

~~~ 2.6 �»�a���.²�,ÙL¡ý9,3���±>.þ�±~§u0,


3�»>.þ�±~§u1,¦��­ðG�(=��mtÃ'�G�)�§Ý

©Ù.

): d½)¯K�
∂2u
∂r2 +

1
r
∂u
∂r

+
1
r2

∂2u
∂θ2 = 0,

u(a, θ) = u0, 0 < θ < π,

u(r, 0) = u(r, π) = u1, 0 ≤ r ≤ a.

�C�u(r, θ) = v(r, θ) + u1,Kv÷v

∂2v
∂r2 +

1
r
∂v
∂r

+
1
r2

∂2v
∂θ2 = 0,

à°7 htqi2008@gmail.com 7
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v(a, θ) = u0 − u1, 0 < θ < π,

v(r, 0) = v(r, π) = 0, 0 ≤ r ≤ a.

^©lCþ{¦),-v(r, θ) = R(r)Θ(θ),�\�§9>.^�k

r2R′′ + rR′ − λR = 0, Θ′′ + λΘ = 0,

Θ(0) = Θ(π) = 0,
⇒ λk = k2(k = 1, 2, . . . ).

dA��¯K)�λk = k2 (k = 1, 2, . . . ),

Θk = Ak sin kθ, Rk = Bkrk + Ckr−k.

d)�k.5�Ck = 0,¤±

v =

∞∑
k=1

Akrk sin kθ.

�\�±þ�>.^�k

∞∑
k=1

Akak sin kθ = u0 − u1.

u´

Ak =
2

akπ

∫ π

0
(u0 − u1) sin kθdθ =

2(u0 − u1)
akkπ

[1 − (−1)k].

nþ��

u(r, θ) = u1 +

∞∑
n=0

4(u0 − u1)
(2n + 1)π

( r
a

)2n+1
sin(2n + 1)θ.

3 �Ü¯K

~~~ 3.1 ¦eã¼ê�Fp�C�:

(1) e−ηx2
(η > 0); (2) e−a|x| (a > 0);

(3)
x

(a2 + x2)k
,

1
(a2 + x2)k

(a > 0, k�g,ê).

à°7 htqi2008@gmail.com 8
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): (1)

F[e−ηx2
] =

∫ ∞

−∞

e−ηx2
e−iλxdx = e−

λ2
4η

∫ ∞

−∞

e−η(x+ iλ
2η )2

dx =

√
π

η
e−

λ2
4η .

(2)

F[e−a|x|] =

∫ ∞

−∞

e−a|x| cos λxdx − i
∫ ∞

−∞

e−a|x| sin λxdx

= 2
∫ ∞

0
e−ax cos λxdx =

2a
λ2 + a2 .

(3)|^3ê½nÚXeFourierC��5�O�,

F[−ix f (x)] =
d

dλ
F[ f ].

~~~ 3.2 y²: � f (x)3(−∞,∞)þýé�È�, F[ f ]�ëY¼ê.

): P f̃ (λ) = F[ f (x)],K

| f̃ (λ + h) − f̃ (λ)| =
∣∣∣∣∣∫ ∞

−∞

(e−ihx − 1)e−iλx f (x)dx
∣∣∣∣∣

≤

∫ ∞

−∞

|e−ihx − 1| · | f (x)|dx ≤ 2
∫ ∞

−∞

| f (x)|dx.

dué?¿�x ∈ R,k

lim
h→0
|e−ihx − 1| = 0.

�

lim
h→0
| f̃ (λ + h) − f̃ (λ)| ≤ lim

h→0

∫ ∞

−∞

|e−ihx − 1| · | f (x)|dx = 0.

~~~ 3.3 ^Fp�C�{¦)n�9D��§��Ü¯K ut = a2(uxx + uyy + uzz),

u|t=0 = ϕ(x, y, z).

): é�§ÚÐ©^�?1FourierC�(��áP56),P

ũ(λ1, λ2, λ3, t) = F[u(x, y, z, t)], ϕ̃(λ1, λ2, λ3) = F[ϕ(x, y, z)],

�
dũ
dt

= −a2(λ2
1 + λ2

2 + λ2
3)̃u,

ũ|t=0 = ϕ̃.

à°7 htqi2008@gmail.com 9
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)þãODE�

ũ = ϕ̃(λ1, λ2, λ3)e−a2(λ2
1+λ2

2+λ2
3)t.

�Fourier_C��

u(x, y, z, t) = ϕ(x, y, z) ∗ F−1[e−a2(λ2
1+λ2

2+λ2
3)t],




F−1[e−a2(λ2
1+λ2

2+λ2
3)t]

=
1

(2π)3

$
R3

e−a2(λ2
1+λ2

2+λ2
3)tei(λ1 x+λ2y+λ3z)dλ1dλ2dλ3

=
1

(2a
√
πt)3

exp
(
−

x2 + y2 + z2

4a2t

)
.

�

u(x, y, z, t) =
1

(2a
√
πt)3

$
R3
ϕ(ξ, η, ζ)e−

(x−ξ)2+(y−η)2+(z−ζ)2

4a2 t dξdηdζ.

~~~ 3.4 y²(3.29)¤L«�¼ê÷v�àg�§(3.15)±9Ð©^�(3.16).

): aq�áy²È©���Âñ5.

~~~ 3.5 ¦)9D��§(3.17)��Ü¯K,®�(1) u|t=0 = sin x, (2)^òÿ{

¦)�k.��þ�9D��§(3.17),b� u(x, 0) = ϕ(x) (0 < x < ∞),

u(0, t) = 0.

): (1)

u(x, t) =
1

2a
√
πt

∫ ∞

−∞

ϕ(ξ)e−
(x−ξ)2

4a2 t dξ =
1
√
π

∫ ∞

−∞

ϕ(x − 2a
√

tξ)e−ξ
2
dξ

=
1
√
π

∫ ∞

−∞

sin(x − 2a
√

tξ)e−ξ
2
dξ = e−a2t sin x.

(2)éϕ(x)�Ûòÿ,=

Φ(x) =

 ϕ(x), x ≥ 0,

−ϕ(−x), x < 0.

¦)XeCauchy¯K  ut = a2uxx,

u|t=0 = Φ(x),

à°7 htqi2008@gmail.com 10
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�(�x > 0)

u(x, t) =
1

2a
√
πt

∫ ∞

−∞

Φ(ξ)e−
(x−ξ)2

4a2 t dξ

=
1

2a
√
πt

[∫ ∞

0
ϕ(ξ)e−

(x−ξ)2

4a2 t dξ +

∫ 0

−∞

−ϕ(−ξ)e−
(x−ξ)2

4a2 t dξ
]

=
1

a
√
πt

∫ ∞

0
ϕ(ξ)e−

x2+ξ2

4a2 t sh
xξ

2a2t
dξ.

~~~ 3.6 y²¼ê

v(x, y, t; ξ, η, τ) =
1

4πa2(t − τ)
e−

(x−ξ)2+(y−η)2

4a2(t−τ)

éuCþ(x, y, t)÷v�§

vt = a2(vxx + vyy),


éuCþ(ξ, η, τ)÷v�§

vτ + a2(vξξ + vηη) = 0.

): ��éL�ª¦ �=��y.

~~~ 3.7 y²: XJu1(x, t), u2(y, t)©O´eãü�½)¯K�): ∂u1
∂t = a2 ∂2u1

∂x2 ,

u1|t=0 = ϕ1(x);

 ∂u2
∂t = a2 ∂2u2

∂y2 ,

u2|t=0 = ϕ2(y),

Ku(x, y, t) = u1(x, t)u2(y, t)´½)¯K ∂u
∂t = a2

(
∂2u
∂x2 + ∂2u

∂y2

)
,

u|t=0 = ϕ1(x)ϕ2(y)

�).

):

∂u
∂t

=
∂u1

∂t
u2 + u1

∂u2

∂t
= a2

(
∂2u1

∂x2 + u1
∂2u2

∂y2

)
= a2

(
∂2(u1u2)
∂x2 +

∂2(u1u2)
∂y2

)
= a2

(
∂2u
∂x2 +

∂2u
∂y2

)
,

u|t=0 = (u1u2)|t=0 = ϕ1(x)ϕ2(y).
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~~~ 3.8 �Ñe�9D��§�Ü¯K)�L�ª:
∂u
∂t = a2

(
∂2u
∂x2 + ∂2u

∂y2

)
,

u|t=0 =
n∑

i=1
αi(x)βi(y).

): dU\�n�þK(J½��A^FourierC���)�

u(x, y, t) =
1

4a2πt

n∑
i=1

∫ ∞

−∞

∫ ∞

−∞

αi(ξ)βi(η) exp
(
−

(x − ξ)2 + (y − η)2

4a2t

)
dξdη.

~~~ 3.9 �y��9D��§�Ü¯K ∂u
∂t = a2

(
∂2u
∂x2 + ∂2u

∂y2

)
,

u|t=0 = ϕ(x, y)

)�L�ª�

u(x, y, t) =
1

4πa2t

∫ ∞

−∞

∫ ∞

−∞

ϕ(ξ, η)e−
(x−ξ)2+(y−η)2

4a2 t dξdη.

): �ì�áP58-59�y²�{?1�y.

4 4��n!½)¯K)���5Ú­½5

~~~ 4.1 y²�§ut = a2uxx + cu (c ≥ 0)ä)|�X>.^��Ð>�¯K)

���5Ú­½5.

): �C�v(x, t) = u(x, t)e−ct,Kv(x, t)÷v�§vt = a2vxx,�k

|v|x=α| = |ue−ct|x=α| ≤ B,

|v|x=β| = |ue−ct|x=β| ≤ B,

|v|t=0| = |u|t=0| ≤ M.

�â9D��§�4��nk

|v(x, t)| ≤ max{M, B},


é?Ût > 0

|u(x, t)| = |v(x, t)ect| ≤ max{Mect, Bect}.
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�y��5��y²¯K
ut = a2uxx + cu,

u|x=α = u|x=β = 0,

u|t=0 = 0

�k"). ¯¢þ,d�M = B = 0,Ïd|u(x, t)| ≤ 0,=u(x, t) ≡ 0.

�y­½5,��y²¯K
ut = a2uxx + cu,

u|x=α = η1(t), u|x=β = η2(t),

u|t=0 = ε(x)

�η1(t), η2(t)Úε(x)���,)½��. ��t ≤ T �,

|η1(t)| < η, |η2(t)| < η, max |ε(x)| < ε,

Két ≤ T , α ≤ x ≤ β,¤á

|u(x, t)| ≤ max{ηect, εect} ≤ max{ηecT , εecT }.

�d¯K´­½�.

~~~ 4.2 |^y²9D��§4��n��{,y²÷v�§uxx + uyy = 0�

¼ê3k.4«�þ����Ø¬�L§3>.þ����.

): �u(x, y) 3±Γ �>.�«�Ω þNÚ. �Ä�u 34«�þ�ëY

5, �u �½�±�����M. qÏΓ ´48, u 3Γ þ�k���m. e

yM = m.

^�y{. �u(x, y)3ΩS,:(x0, y0)�����

u(x0, y0) = M > m.

�9Ï¼ê

v(x, y) = u(x, y) +
M − m

4R2 [(x − x0)2 + (y − y0)2],

Ù¥R´±�:�¥%!�¹«�Ω������». d�k

v(x0, y0) = u(x0, y0) = M,
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v|Γ = u|Γ +
M − m

4R2 [(x − x0)2 + (y − y0)2]|Γ < m + (M − m) = M.

�vØ3>.Γþ�����,§73ΩS,:(x1, y1)�����,3ù:A

k

vxx ≤ 0, vyy ≤ 0, ⇒ vxx + vyy ≤ 0.

�,��¡

vxx + vyy = uxx + uyy +
M − m

4R2 > 0

��gñ. ÏdAkM = m.

~~~ 4.3 y²Ð>�¯K
ut − a2uxx = f (x, t),

u|x=0 = µ1(t), (ux + hu)|x=l = µ2(t) (h > 0),

u|t=0 = ϕ(x)

�)u(x, t)3Rt1 : {0 ≤ t ≤ t1, 0 ≤ x ≤ l}¥÷v

u(x, t) ≤

eλt1 max
(
0,max

0≤x≤l
ϕ(x), max

0≤t≤t1

(
e−λtµ1(t),

e−λtµ2(t)
h

)
,

1
λ

max
Rt1

(e−λt f )
)
,

Ù¥λ�?¿�~ê.

): �C�v(x, t) = e−λtu,Ù¥λ�?¿�~ê. du�Ð>�¯K´�v÷

v 
vt − a2vxx + λv = e−λt f (x, t),

v|x=0 = e−λtµ1(t),
(
∂v
∂n

+ hv
) ∣∣∣∣

x=l
= e−λtµ2(t),

v|t=0 = ϕ(x).

�Äv 3Rt1 þ����, XJv(x, t) 3Rt1 þk�����, K3���:

kvt ≥ 0, vxx ≤ 0�v > 0,?


v =
1
λ

[e−λt f (x, t) − (vt − a2vxx)] ≤
1
λ

e−λt f (x, t).

¤±

|u(x, t)| ≤ eλt1 1
λ

max
Rt1

(e−λt f (x, t)).

2�ì�áP62y²Ù§�Oª,=�(Ø.
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5 )�ìC5�

~~~ 5.1 y²e�9D��§Ð>�¯K
ut − a2uxx = 0,

u|x=0 = u|x=l = 0,

u|t=0 = ϕ(x)

�)�t → +∞��ê/P~u",Ù¥ϕ�ëY¼ê,�ϕ(0) = ϕ(l) = 0.

): d½)¯K�)�

u(x, t) =

∞∑
k=1

Ake
− k2π2a2

l2
t sin

kπ
l

x,

Ù¥

Ak =
2
l

∫ l

0
ϕ(x) sin

kπ
l

xdx.

)�ìC5�dϕ(x) ∈ C[0, l]�,é��k,

|Ak| ≤ C1,

Ù¥C1 �=�ϕ����k'�~ê.

|u(x, t)| ≤ C1

1 +

∞∑
k=2

e−
a2π2(k2−1)

l2
t

 e−
a2π2

l2
t
≤ Ce−

a2π2

l2
t.

~~~ 5.2 y²: �ϕ(x, y)�R2 þ�k.ëY¼ê,�ϕ ∈ L1(R2)�,��9D�

�§�Ü¯K�),�t → +∞�,±t−1 P~Çªu".

):

|u(x, y, t)| ≤
1

4πa2t

"
R2
|ϕ(ξ, η)|e−

(x−ξ)2+(y−η)2

4a2 t dξdη

≤
1

4πa2t

"
R2
|ϕ(ξ, η)|dξdη = Ct−1.

~~~ 5.3 y²: �ϕ(x, y, z)�R3 þ�k.ëY¼ê,�ϕ ∈ L1(R3)�,n�9D

��§�Ü¯K�),�t → +∞�,±t−3/2 P~Çªu".

):

|u(x, y, z, t)| ≤
1

(2a
√
πt)3

$
R3
|ϕ(ξ, η, ζ)|e−

(x−ξ)2+(y−η)2+(z−ζ)2

4a2 t dξdηdζ

≤
1

(2a
√
πt)3

$
R3
|ϕ(ξ, η, ζ)|dξdηdζ = Ct−3/2.
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3 ��¼ê 11

4 r4��n!1�>�¯K)���5 19

1 ïá�§!½)^�

~~~ 1.1 �u(x1, . . . , xn) = f (r) (Ù¥r =

√
x2

1 + · · · + x2
n) ´n �NÚ¼ê, Áy

²

f (r) = c1 +
c2

rn−2 (n , 2),

f (r) = c1 + c2 ln
1
r

(n = 2),

Ù¥c1, c2 �?¿~ê.

y: dur =

√
x2

1 + · · · + x2
n,�

∂u
∂xi

= f ′(r)
∂r
∂xi

= f ′(r)
xi

r
,

∂2u
∂x2

i

=
x2

i

r2 f ′′(r) +

(
1
r
−

x2
i

r3

)
f ′(r), (i = 1, 2, . . . , n)

1
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òþª�\NÚ�§�

f ′′(r) +
n − 1

r
f ′(r) = 0,

=
f ′′(r)
f ′(r)

= −
n − 1

r
.

éþªü>È©=�(Ø.

~~~ 1.2 y²: .Ê.d�f3¥¡�I(r, θ, ϕ)e�±�¤

4u =
1
r2

∂

∂r

(
r2 ∂u
∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂u
∂θ

)
+

1
r2 sin2 θ

∂2u
∂ϕ2 .

y: �{�:¥¡�IX����IX�m�C�'X�

x = r sin θ cosϕ, y = r sin θ sinϕ, z = r cos θ,

�O�{ü,òd�IC�©�üÚ

x = R cosϕ, y = R sinϕ, z = z,

9

R = r sin θ, ϕ = ϕ, z = r cos θ.

dÎ¡�IXeLaplace�f�L�ª�

4u =
∂2u
∂R2 +

1
R2

∂2u
∂ϕ2 +

1
R
∂u
∂R

+
∂2u
∂z2 . (1)

2d
∂u
∂r

=
∂u
∂R

sin θ +
∂u
∂z

cos θ,
∂u
∂θ

=
∂u
∂R

r cos θ −
∂u
∂z

r sin θ,

�)�
∂u
∂z

= cos θ
∂u
∂r
−

sin θ
r

∂u
∂θ
,
∂u
∂R

= sin θ
∂u
∂r

+
cos θ

r
∂u
∂θ
. (2)

5¿�

R2 + z2 = r2, tan θ =
R
z
,

�k

∂r
∂z

= cos θ,
∂θ

∂z
= −

sin θ
r
,
∂r
∂R

= sin θ,
∂θ

∂R
=

cos θ
r

. (3)
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d(2)9(3)�

∂2u
∂z2 = cos2 θ

∂2u
∂r2 +

sin2 θ

r2

∂2u
∂θ2 +

sin2 θ

r
∂u
∂r

+
sin 2θ

r2

∂u
∂θ
−

sin 2θ
r

∂2u
∂r∂θ

,

∂2u
∂R2 = sin2 θ

∂2u
∂r2 +

cos2 θ

r2

∂2u
∂θ2 +

cos2 θ

r
∂u
∂r
−

sin 2θ
r2

∂u
∂θ

+
sin 2θ

r
∂2u
∂r∂θ

.

ò��üª9(2)�\(1)¿\±�n,=��¤I(J.

�{�: æ^��­��IX(q1, q2, q3)

q1 = q1(x, y, z), q2 = q2(x, y, z), q3 = q3(x, y, z),

,��¡(x, y, z)��L�(q1, q2, q3)�¼ê

x = x(q1, q2, q3), y = y(q1, q2, q3), z = z(q1, q2, q3).

¿P.rXê�H1, H2, H3 �

H1 =

√(
∂x
∂q1

)2

+

(
∂y
∂q1

)2

+

(
∂z
∂q1

)2

,

H2 =

√(
∂x
∂q2

)2

+

(
∂y
∂q2

)2

+

(
∂z
∂q2

)2

,

H3 =

√(
∂x
∂q3

)2

+

(
∂y
∂q3

)2

+

(
∂z
∂q3

)2

,

Kk

ds2 = H2
1dq2

1 + H2
2dq2

2 + H2
3dq2

3.

d�Laplace�f3­��IX¥�L�ª�

4u =
1

H1H2H3

[
∂

∂q1

(
H2H3

H1

∂u
∂q1

)
+

∂

∂q2

(
H3H1

H2

∂u
∂q2

)
+

∂

∂q3

(
H1H2

H3

∂u
∂q3

)]
. (4)

3¥¡�IXeq1 = r, q2 = θ, q3 = ϕ,

ds2 = dr2 + r2dθ2 + r2 sin2 θdϕ2,

H1 = 1, H2 = r, H3 = r sin θ

òH1, H2, H3 �\(4)=�¥¡�IeLaplace�f�L�ª.
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~~~ 1.3 y²: .Ê.d�f3Î¡�I(r, θ, z)e�±�¤

4u =
1
r
∂

∂r

(
r
∂u
∂r

)
+

1
r2

∂2u
∂θ2 +

∂2u
∂z2 .

y: �{�:Î¡�IX����IX�m�C�'X�

x = r cos θ, y = r sin θ, z = z,

½ö�

r = (x2 + y2)1/2, θ = arctan
y
x
, z = z.

l

∂r
∂x

=
x
r

= cos θ,
∂r
∂y

=
y
r

= sin θ,

∂θ

∂x
= −

y
x2 + y2 = −

sin θ
r
,
∂θ

∂y
=

x
x2 + y2 =

cos θ
r

.

dd�
∂u
∂x

=
∂u
∂r

cos θ −
∂u
∂θ

sin θ
r
,
∂u
∂y

=
∂u
∂r

sin θ +
∂u
∂θ

cos θ
r

,

∂2u
∂x2 =

∂2u
∂r2 cos2 θ − 2

∂2u
∂r∂θ

·
sin θ cos θ

r
+
∂2u
∂θ2

sin2 θ

r2 +
∂u
∂r

sin2 θ

r
+
∂u
∂θ

sin 2θ
r2 ,

∂2u
∂y2 =

∂2u
∂r2 sin2 θ + 2

∂2u
∂r∂θ

·
sin θ cos θ

r
+
∂2u
∂θ2

cos2 θ

r2 +
∂u
∂r

cos2 θ

r
−
∂u
∂θ

sin 2θ
r2 ,

ò��üª�\,¿\±�n,=��¤I(J.

�{�: ÓþK,3Î¡�IXeq1 = r, q2 = θ, q3 = z,K

ds2 = dr2 + r2dθ2 + dz2,

H1 = 1, H2 = r, H3 = 1,

�\(4)=�Î¡�IeLaplace�f�L�ª.

~~~ 1.4 y²e�¼êÑ´NÚ¼ê:

1. ax + by + c (a, b, c�~ê);

2. x2 − y2 Ú2xy;

3. x3 − 3xy2 Ú3x2y − y3;

4. sh ny sin nx, sh ny cos nx, ch ny sin nxÚch ny cos nx (n�~ê);
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5. sh x(chx + cos y)−1 Úsin y(ch x + cos y)−1.

y: �{�:��¦�\±�y;�{�: |^EC¼ê��{\±�y,=

$^)Û¼ê�¢ÜÚJÜþ�NÚ¼ê�5��±y².

1. 4(ax + by + c) = 0;

2. �ECþ¼ê� f (z) = z2 = (x + iy)2;

3. �ECþ¼ê� f (z) = z3 = (x + iy)3;

4. �ECþ¼ê� f1(z) = sh(nz) = sh(n(y + ix)), f2(z) = ch(nz) = ch(n(y +

ix));

5. �ECþ¼ê� f (z) = th z
2 = sh z

2/ ch z
2 , Ø�x = 0 �y = (2k + 1)π

(k = 0,±1,±2, . . . )	þNÚ.

~~~ 1.5 y²^4�IL«�e�¼êÑ´NÚ¼ê:

1. ln rÚθ;

2. rn cos nθÚrn sin nθ (n�~ê);

3. r ln r cos θ − rθ sin θÚr ln r sin θ + rθ cos θ.

y: �{�:��¦�\±�y;�{�: Pz = reiθ,|^)Û¼ê�¢ÜÚ

JÜþ�NÚ¼ê�5��±y².

1. �ECþ¼ê� f (z) = ln z = ln r + iθ;

2. �ECþ¼ê� f (z) = zn = rn cos nθ + irn sin nθ;

3. �ECþ¼ê� f (z) = z ln z = r(cos θ + i sin θ)(ln r + iθ).

~~~ 1.6 ^©lCþ{¦)deãNÚ�§�1�>�¯K¤£ã�Ý/²
�(0 ≤ x ≤ a, 0 ≤ y ≤ b)þ�­½§Ý©Ù:

uxx + uyy = 0,

u(0, y) = u(a, y) = 0,

u(x, 0) = sin πx
a , u(x, b) = 0.
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): -u(x, y) = X(x)Y(y)�\uxx + uyy = 0�XÚY ©O÷v

X′′ + λX = 0, X(0) = X(a) = 0; (5)

Y ′′ − λY = 0. (6)

(5)�kλ > 0�k�"),

λ = λk =
k2π2

a2 ,

Xk(x) = Ck sin
kπ
a

x, Yk(y) = Ake−
√
λky + Bke

√
λky.

�½)¯K�)�

u(x, y) =

∞∑
k=1

(
Ake−

kπ
a y + Bke

kπ
a y

)
sin

kπ
a

x.

d>.^��
∞∑

k=1

(Ak + Bk) sin
kπ
a

x = sin
πx
a
,

∞∑
k=1

(
Ake−

kπ
a b + Bke

kπ
a b

)
sin

kπ
a

x = 0.

)�

A1 =
e

b
a π

2 sh b
aπ
, B1 = −

e−
b
a π

2 sh b
aπ
, Ak = Bk = 0 (k , 1).

nþ�

u(x, y) =
sh π(b−y)

a

sh πb
a

sin
πx
a
.

~~~ 1.7 3�.A�±�¹���O¥,�
�	¹�3YØå�^e�Éå

�¹,�3Ý/«�0 ≤ x ≤ a, 0 ≤ y ≤ bþ¦)Xe��àgNÚ�§�>

�¯K: 
4u = py + q (p < 0, q > 0~ê),

ux|x=0 = 0, u|x=a = 0,

u|y=0,y=b = 0.
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): -v(x, y) = u(x, y) + (x2 − a2)( f y + g),� f = −p/2, g = −q/2,Kv´eã

¯K�) 
4v = 0,

vx|x=0 = 0, v|x=a = 0,

v|y=0 = −
q
2 (x2 − a2) = α(x),

v|y=b = − 1
2 (x2 − a2)(pb + q) = β(x).

d©lCþ{)�

v(x, y) =

∞∑
k=0

(
Ake

(2k+1)π
2a y + Bke−

(2k+1)π
2a y

)
cos

2k + 1
2a

πx

= 2
∞∑

k=0

(−1)k(
(2k+1)π

2a

)3
sh 2k+1

2a πb
cos

(2k + 1)πx
2a

×

[
(pb + q) sh

(2k + 1)π
2a

(y − b) − q sh
(2k + 1)πy

2a

]
.

~~~ 1.8 Þ~`²3��NÚ�§�)|�X	¯K¥,Xé)u(x, y)Ø\3

Ã¡�?�k.���,@o½)¯K�)ÒØ´���.

): �ÄXeDirichlet	¯K

4u = 0, r =
√

x2 + y2 > 1,

u|r=1 = 1.

w,u ≡ 1, u = c ln 1
r + 1 (c ∈ R)þ�d	¯K�),=d½)¯K�)Ø�

�.

~~~ 1.9 �

J(v) =

$
Ω

1
2

(∂v
∂x

)2

+

(
∂v
∂y

)2

+

(
∂v
∂z

)2 dxdydz +

"
Γ

{
1
2
σv2 − gv

}
ds,

�	C©¯K:¦u ∈ V,¦

J(u) = min
v∈V

J(v),

Ù¥V = C2(Ω) ∩C1(Ω). Á�Ñ�Ù�d�>�¯K,¿y²§���d5.

y: dC©¯K�Xe½)¯K�d

4u = 0,(
∂u
∂n

+ σu
)∣∣∣∣∣∣

Γ

= g.
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2 ��úª9ÙA^

~~~ 2.1 y²(2.7)ªéuM0 3Ω	�Γþ��/¤á.

y: �M0 3Γ þ�, ���¥Bε(M0) ��M0 (M0 �¥%, ε ��»). PS ε

��¥¥¡, Ωε = Ω \ Bε(M0),Ku9 1
rM0 M
3ΩεSNÚ.|^Green1�úª

0 =

$
Ωε

(
u4

1
rM0 M

−
1

rM0 M
4u

)
dVM

=

"
Γ∪S ε(M0)

(
u
∂

∂n
1

rM0 M
−

1
rM0 M

∂u
∂n

)
dS M,

−

"
Γ

(
1

rM0 M

∂u
∂n
− u

∂

∂n
1

rM0 M

)
dS M =

"
S ε

(
1

rM0 M

∂u
∂n
− u

∂

∂n
1

rM0 M

)
dS M.

"
S ε

(
1

rM0 M

∂u
∂n
− u

∂

∂n
1

rM0 M

)
dS M

=
1
ε

"
S ε

∂u(M)
∂n

dS M +
1
ε2

"
S ε

u(M)dS M

=
1
ε

∂u
∂n

(M∗)2πε2 +
1
ε2 u(M∗∗)2πε2

= 2πε
∂u
∂n

(M∗) + 2πu(M∗∗)→ 2πu(M0), ε→ 0.

�k

−

"
Γ

(
1

rM0 M

∂u
∂n
− u

∂

∂n
1

rM0 M

)
dS M = 2πu(M0).

�M0 3Γ	�, u9 1
rM0 M
3ΩSNÚ.|^Green1�úª´�.

~~~ 2.2 e¼êu(x, y)´ü �þ�NÚ¼ê,q§3ü �±þ�ê�®�

�u = sin θ,Ù¥θL«4�,¯¼êu3�:���uõ�?

): d��NÚ¼ê�²þ�úª

u(M0) =
1

2πa

∫
Γa

uds,

�

u(0, 0) =
1

2π

∫
Γ

uds =
1

2π

∫ 2π

0
sin θdθ = 0.
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~~~ 2.3 XJ^.Ê.d�§L«²ï§Ý|¥§Ý©Ù¼ê¤÷v��§,

Á�²¦ì�ùS¯Kk)�^�
!

f ds = 0�Ôn¿Â.

):
!

f ds = 0=L«ÏL>.­¡96þ��êÚ�",=?u­½§Ý

G��ÔN,lL¡6\Ú6Ñ�9þ´�Ó�.

~~~ 2.4 y²: �u(M)34­¡Γ�	ÜNÚ,¿�3Ã¡�?¤á

u(M) = O
(

1
rOM

)
,

∂u
∂r

= O
(

1
r2

OM

)
(rOM → ∞),


M0 ´Γ	�?�:,Kúª(2.6)E¤á.

y: �M0 ´Γ	�?�:, ��±R��»�¥KR, ¦Ù�¹Γ9M0 3Ù

S,PKR �¥¡�ΓR,K¤á"
Γ+ΓR

(
u
∂

∂n

(
1

rM0 M

)
−

1
rM0 M

∂u
∂n

)
dS + 4πu∗ − 4πε

(
∂u
∂n

)∗
= 0.

Ù¥u∗ Ú
(
∂u
∂n

)∗
©O´¼êu Ú ∂u

∂n 3�¹M0 ��¥¡Γε þ�²þ�.

-R→ ∞,5¿�u(M) = O
(

1
rOM

)
, ∂u
∂r = O

(
1

r2
OM

)
�k

lim
R→∞

"
ΓR

(
u
∂

∂n

(
1

rM0 M

)
−

1
rM0 M

∂u
∂n

)
dS = 0.

��u(M)3Γ	ÜNÚ�½¤á

u(M0) = −
1

4π

"
Γ

[
u(M)

∂

∂n

(
1

rM0 M

)
−

1
rM0 M

∂u(M)
∂n

]
dS M.

~~~ 2.5 y²NÚ�§)|�X	¯K)�­½5.

y: �u1, u2 �Dirichlet	¯K�),=

4ui = 0, ui|Γ = fi, lim
r→∞

ui = 0, i = 1, 2.

-v = u1 − u2,Kv÷v

4v = 0, v|Γ = f1 − f2, lim
r→∞

v = 0.

dulim
r→∞

v = 0, é?¿�ε > 0, ��¿©��R ��»�¥KR, ¦Γ á3KR

S,�|v|ΓR | < ε. 3KR\Ω¥vA^4��n,�3KR\Ωþ¤á

|v| < max
{
ε,max

Γ
| f1 − f2|

}
⇒ |v| < max

Γ
| f1 − f2|.
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~~~ 2.6 éu�� �©�§
n∑

i, j=1

ai j
∂2u
∂xi∂x j

+

n∑
i=1

bi
∂u
∂xi

+ cu = 0,

Ù¥ai j, bi, c (i, j = 1, . . . , n)þ�~ê,b�Ý
ai j´�½�,=é?Û¢êλi

(i = 1, . . . , n),¤á
n∑

i, j=1

ai jλiλ j ≥ α

n∑
i=1

λ2
i (α���~ê),

K¡§�ý�.�§. q�c < 0,Áy²T�§�)�¤á4��n. �Ò

´`,eu3Ω¥÷v�§,3Ω ∪ ΓëY,KuØU3Ω�SÜ������

�½K����.

y: (�y{) PA = (ai j). e�3M0 ∈ Ω, ¦u 3M0 �������(éK

������/�^−u ?Ø), ò�I¶��^=, ¦A(M0) z¤é�
:

aii(M0) > 0, ai j(M0) = 0 (i , j). P#�IX�yi = yi(x1, . . . , xn),K

Lu =

n∑
i=1

aii
∂2u
∂y2

i

+

n∑
i=1

bi
∂u
∂yi

+ cu = 0.

du3M0 �4���
∂u
∂yi

(M0) = 0,
∂2u
∂y2

i

(M0) ≤ 0, (i = 1, 2, . . . , n). P

L1u =

n∑
i=1

aii
∂2u
∂y2

i

+

n∑
i=1

bi
∂u
∂yi

,

KL1u(M0) ≤ 0,
dL1u(M0) = Lu(M0) − cu(M0), c < 0�L1u(M0) > 0,dd�

gñ,�uØU3Ω�SÜ�������.

~~~ 2.7 y²16K¥?Ø�ý�.�§�1�>�¯K)���5�­½

5.

y: ��5: eu1, u2 þ÷v

Lu =

n∑
i, j=1

ai j
∂2u
∂xi∂x j

+

n∑
i=1

bi
∂u
∂xi

+ cu = 0,

u|Γ = f .

-v = u1 − u2,K

Lv = 0, v|Γ = 0.
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dþK�, v3ΩSÜ�Ø�����ÚK���,�����ÚK���þ

3>.þ��,dd�v ≡ 0,�u1 ≡ u2.

­½5: eu1, u2 ©O÷v

Lui = 0, ui|Γ = fi, i = 1, 2.

Kv = u1 − u2 ÷v

Lv = 0, v|Γ = f1 − f2.

dþK�,�min
Γ

( f1 − f2) > 0�,¤á0 ≤ v < max
Γ

( f1 − f2);�max
Γ

( f1 − f2) < 0

�, ¤á0 ≥ v > min
Γ

( f1 − f2); �max
Γ

( f1 − f2) > 0 �min
Γ

( f1 − f2) < 0 �, ¤

ámin
Γ

( f1 − f2) < v < max
Γ

( f1 − f2).

nþ¤ã,�| f1 − f2| < ε�,¤á|v| < ε. ­½5�y.

~~~ 2.8 Þ~`²éu�§uxx + uyy + cu = 0 (c > 0),Ø¤á4��n.

): -

u = sin
√

c
2

x · sin
√

c
2

y,

Kuxx + uyy + cu = 0. �Ω ���/
[
−

√
2
cπ,

√
2
cπ

]
×

[
−

√
2
cπ,

√
2
cπ

]
, Ku 3>

.Γþ���0,
�x = 1
2

√
2
cπ, y = 1

2

√
2
cπ�u = 1,�3ΩSu ≤ 1,¤±u�

���3«�SÜ��,l
Ø¤á4��n.

3 ��¼ê

~~~ 3.1 y²��¼ê�5�395�5.

y: (5�3)du

G(M,M0) =
1

4πrM0 M
− g(M,M0), M0 ∈ Ω

Ù¥g(M,M0)÷v

4g(M,M0) = 0, M ∈ Ω,

g(M,M0)|Γ =
1

4πrM0 M
.

w,, g|Γ > 0,d4��n�g(M,M0) > 0,�

G(M,M0) <
1

4πrM0 M
.
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2��±M0 �¥%, ¿©��êε��»�¥Kε, ¦Kε ��á3ΩS,

�¥¡ΓεþG(M,M0) > 0. �Ä

4G(M,M0) = 0, Ω \ Kε,

G|Γ = 0, G|Γε =
1

4πrM0 M
− g(M,M0) > 0.

d4��n�,3Ω \ Kε S, G > 0. 
ε�?¿�,�G > 03ΩS¤á,dd

=�

0 < G(M,M0) <
1

4πrM0 M
.

(5�5)�{�:¦)

4u = 0 Ω

u|Γ = 1.

d)�L�ª�

u(M0) = −

"
Γ

f
∂G
∂n

dS M = −

"
Γ

∂G
∂n

dS M.

qd)���5�u ≡ 1,�y.

�{�: duG(M,M0)3Ω \ Kε (Kε �±M0 �¥%!ε��»�¥)S

NÚ,K "
Γ+Γε

∂G
∂n

dS = 0.

⇒

"
Γ

∂G(M,M0)
∂n

dS = −

"
Γε

∂G(M,M0)
∂n

dS

= −

"
Γε

(
∂

∂n
1

4πrM0 M
−
∂g
∂n

)
dS = −1.

~~~ 3.2 y²��¼ê�é¡5µG(M1,M2) = G(M2,M1).

y: ±M1, M2 �%,�»�ε�¥K1, K2,Ù>.©OP�Γ1, Γ2. dGreen1

�úª $
Ω−K1−K2

(u4v − v4u)dΩ =

"
Γ+Γ1+Γ2

(
u
∂v
∂n
− v

∂u
∂n

)
dS .

-u = G(M,M1), v = G(M,M2),5¿�3Ω − K1 − K2 S, 4u = 4v = 0,�3Γ

þu = v = 0,�"
Γ1+Γ2

[
G(M,M1)

∂G(M,M2)
∂n

−G(M,M2)
∂G(M,M1)

∂n

]
dS = 0.
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5¿��ε→ 0�"
Γ1

G(M,M1)
∂G(M,M2)

∂n
dS → 0,

"
Γ1

G(M,M2)
∂G(M,M1)

∂n
dS → G(M1,M2).

éΓ2 þkaq�(J,��

G(M1,M2) = G(M2,M1).

~~~ 3.3 �Ñ¥�	Ü«����¼ê,¿dd�ÑéNÚ�§¦)¥�)|

�X	¯K�Ñtúª.

): æ^�áP82ã3.2,�¥SGreen¼êí���aq��

G(M,M1) =
1

4π

(
1

rM1 M
−

R
ρ1

1
rM0 M

)
,

Ù¥M0 �¥	�:M1 'u¥¡��ü:, ρ1 = rOM1 .

dd�Poissonúª�

u(ρ1, θ1, ϕ1) =
1

4πR

"
K

(ρ2
1 − R2) f (R, θ, ϕ)

(R2 + ρ2
1 − 2Rρ1 cos γ)3/2

dS ,

Ù¥cos γ = cos θ cos θ1 + sin θ sin θ1 cos(ϕ − ϕ1).

~~~ 3.4 |^Ñtúª¦>�¯K�) uxx + uyy + uzz = 0, x2 + y2 + z2 < 1,

u(R, θ, ϕ)|R=1 = A + B cos 2θ (R, θ, ϕL«¥�I).

): P f (θ) = A + B cos 2θ,dPoissonúª�: d½)¯K�)�

u(ρ0, θ0, ϕ0) =
R
4π

∫ 2π

0

∫ π

0

(R2 − ρ2
0) f (θ)

(R2 + ρ2
0 − 2Rρ0 cos γ)3/2

sin θdθdϕ

=
1

4π

∫ 2π

0

∫ π

0

(1 − ρ2
0) f (θ)

(1 + ρ2
0 − 2ρ0 cos γ)3/2

sin θdθdϕ,

Ù¥cos γ = cos θ cos θ0 + sin θ sin θ0 cos(ϕ − ϕ0). du�È¼ê´ϕ�!±2π

�±Ï�¼ê,��IO�ϕ0 = 0��,=O�M0 á3xoz²¡þ��/.

òy¶�½,^=x¶�z¶,¦z′ ¶ÏL:M0,y3#�IXOx′y′z′ (�

A�4�I�R, θ′, ϕ′)eO�È©. 5¿�3#�IXe: OM �ü �þ
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�(sin θ′ cosϕ′, sin θ′ sinϕ′, cos θ′), OM0 �ü �þ�(0, 0, 1), oz ¶�ü �

þ�k = (sin θ0, 0, cos θ0),u´

cos θ =
−−→
OM · k = sin θ0 sin θ′ cosϕ′ + cos θ0 cos θ′.

qduü ¥¡�¡È���sin θdθdϕ = sin θ′dθ′dϕ′,l
�

u(ρ0, θ0, 0) =
1

4π

∫ π

0

(1 − ρ2
0)I(θ′)

(1 + ρ2
0 − 2ρ0 cos θ′)3/2

sin θ′dθ′, (7)

Ù¥

I(θ′) =

∫ 2π

0
f (θ)dϕ′ =

∫ 2π

0
[(A − B) + 2B cos2 θ]dϕ′

=

∫ 2π

0
[(A − B) + 2B(sin θ0 sin θ′ cosϕ′ + cos θ′ cos θ0)2]dϕ′

= 2π[A − B cos2 θ0 + B(3 cos2 θ0 − 1) cos2 θ′].

òI(θ′)�L�ª�\(7),¿Ú\Cþ���

u(ρ0, θ0, 0) =
1
2

∫ 1

−1

(1 − ρ2
0)[A − B cos2 θ0 + B(3 cos2 θ0 − 1)x2]

(1 + ρ2
0 − 2ρ0x)3/2

dx.

²È©O���

1
2

∫ 1

−1

(1 − ρ2
0)dx

(1 + ρ2
0 − 2ρ0x)3/2

= 1,
1
2

∫ 1

−1

(1 − ρ2
0)x2dx

(1 + ρ2
0 − 2ρ0x)3/2

=
1 + 2ρ2

0

3
.

���

u(ρ0, θ0, ϕ0) = u(ρ0, θ0, 0)

= A − B cos2 θ0 +
B
3

(1 + 2ρ2
0)(3 cos2 θ0 − 1)

= A −
B
3
−

2
3

Bρ2
0 + 2Bρ2

0 cos2 θ0.

O

M

x

y

z
z′

x′

M0
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5: ¯¢þ,3���IXe,éN´ò)nÑ5. -

x = ρ0 cosϕ0 sin θ0, y = ρ0 sinϕ0 sin θ0, z = ρ0 cos θ0,

K�ρ0 = 1�,k

A + B cos 2θ = A + B(cos2 θ − sin θ2) = A + B(z2 − x2 − y2),

4(A + B(z2 − x2 − y2)) = −2B, 4(ρ2
0 − 1) = 4(x2 + y2 + z2 − 1) = 6,

l


4

(
A + B(z2 − x2 − y2) +

B
3

(ρ2
0 − 1)

)
= 0.

¤±d)���5,�

u(ρ0, θ0, ϕ0) = A + B(z2 − x2 − y2) +
B
3

(ρ2
0 − 1)

= A + B(2z2 − ρ2
0) +

B
3

(ρ2
0 − 1) = A −

B
3
−

2
3

Bρ2
0 + 2Bρ2

0 cos2 θ0.

~~~ 3.5 y²��NÚ¼ê�Û:��5½n: eA´NÚ¼êu(M)��á

Û:,3A:��¥¤áX

u(M) = o
(
ln

1
rAM

)
,

Kd��±­#½Âu(M)3M = A��,¦§3A:½NÚ.

y: �n�NÚ¼ê���Û:½naq,�K ´��±A�%!R��»

��,§��/�¹3:A�@���¥. k¦)Dirichlet¯K 4u1 = 0, �KS

u1|Γ = u|Γ.

Kw = u − u1 ÷v  4w = 0, K \ A

w|Γ = 0, w(M) = o
(
ln 1

rAM

)
.

(8)

eUy�w3�K SØ�A:þ�",ùÒ�¤
��Û:½n�y².

�d,�¼ê

wε(M) = ε

(
ln

1
rAM
− ln

1
R

)
(9)
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Kw,k

4wε(M) = 0, K \ A,

wε|Γ = 0.
(10)

d(8)�1nª9(9)�, ��δ¿©�, ¦3±A�%, δ��»��±Γδ þ

¤á|w| ≤ wε. |^4��n3r = R Úr = δ ¤���Ó%��D S¤

áw ≤ wε(M),�½M,-ε → 0,=�w(M) = 0,
M �±´K SØA�?�

:.

~~~ 3.6 y²: XJn�NÚ¼êu(M)3Û:A?NCUL«�N/rαAM,Ù¥

~ê0 < α ≤ 1,
N ´Ø�"�1w¼ê,K�M → A�§ªuÃ¡���

ê7�1/rAM Ó�,=α = 1.

y: du(M) = N/rαAM �,

rAM · u(M) = r1−αN.

eα , 1,�rAM ªu"�,þª4� lim
M→A

rAM · u(M) = 0,d��Û:½n, A�

��Û:,yA�Ø��Û:,K7kα = 1.

~~~ 3.7 Á¦�¼êu,¦Ù3�»�a���SÜ´NÚ�,
�3�±C þ

�e���:

(1) u|C = A cosϕ; (2) u|C = A + B sinϕ.

): (1) ){�: (*	{) ®�A1r cosϕ �NÚ¼ê, qd>.^��A1 =

A/a,�u = A
a r cosϕ;

){�: ^��Poissonúª.

){n: ^©lCþ{.

(2) u = A + B
a r sinϕ.

~~~ 3.8 Á^·>
�{�Ñ��NÚ�§3�²¡þ�)|�X¯K�)

4u = uxx + uyy = 0, y > 0,

u|y=0 = f (x).

): ���m�/aq��

G(M,M0) =
1

2π
ln

1
rM0 M

−
1

2π
ln

1
rM1 M

.
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dd�

u(x0, y0) =
y0

π

∫ ∞

−∞

1
(x0 − x)2 + y2

0

f (x)dx.

5¿í�¥�^�é��Ã¡«��u ÷vu(M) = O
(
ln 1

rOM

)
9 ∂u

∂n =

O
(

1
rOM

)
�¤á

u(M0) = −
1

2π

∫
Γ

[
u(M)

∂

∂n

(
ln

1
rM0 M

)
− ln

1
rM0 M

∂u(M)
∂n

]
dsM.

~~~ 3.9 �«�Ω ��/�¹3±�:O �%!R ��»�¥K ¥, u(r, θ, ϕ)

´d«�¥�NÚ¼ê,Ù¥(r, θ, ϕ)L«Ω¥Ä:M�¥�I.�r1 = R2

r ,K

:M1 = (r1, θ, ϕ)Ò´:M 'u¥K ��ü:,lM(r, θ, ϕ)�M1(r1, θ, ϕ)�C

�¡�___¥¥¥»»»CCC���½���üüüCCC���. ±Ω1 L«Ω��ü«�,y²¼ê

v(r1, θ, ϕ) =
R
r1

u
(
R2

r1
, θ, ϕ

)
´«�Ω1 ¥�NÚ¼ê(Ã¡�:Ø	).

XJ«�Ω�¥¡K ±	�Ã.«�,K¼êv(r1, θ, ϕ)3Ω1 ¥Ø��

:O	´NÚ�. ¼êv(r1, θ, ϕ)¡�¼êu(r, θ, ϕ)�ppp���©©©(Kelvin)CCC���.

y: |^Î�IXeLaplace�f�L�ª,dEÜ¼ê¦�{K��: �

4r,θ.ϕu(r, θ, ϕ) = 0

�,7k

4r1,θ.ϕv(r1, θ, ϕ) = 0.

~~~ 3.10 |^p�©C�9Û:��5½nr)|�X	¯Kz�)|�X
S¯K.

): ¦)Dirichlet	¯K 
4u = 0, Ω′S

u|Γ = f ,

lim
r→∞

= 0.

���»�R �¥K ¦Ù��á3Ω S, òΩ′ 'u¥K �ü�Ω Sk.«

�Ω1,Ù>.�Γ1,dþK�

v(r1, θ, ϕ) =
R
r1

u
(
R2

r1
, θ, ϕ

)
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÷v  4(r1,θ,ϕ)v = 0, Ω1S

v|Γ1 = f1(r1, θ, ϕ),

Ù¥ f1(r1, θ, ϕ) = R
r1

f
(

R2

r1
, θ, ϕ

)
. 5¿�

lim
r1→0

r1 · v = lim
r→∞

R · u(r, θ, ϕ) = 0

¤±r1 = 0´v���Û:,��­#½Âv3r1 = 0��,¦v3Ω1 SNÚ.

~~~ 3.11 y²�mÃ.«�þ�NÚ¼êX3Ã¡�?ªu",@o§ªu

"��ê���O
(

1
r

)
.

y: dþK�,�u(r, θ, ϕ)3Ã.«�SNÚ,3Ã¡�?ªu"�,

v(r1, θ, ϕ) =
R
r1

u
(
R2

r1
, θ, ϕ

)
3k.«�Ω1 SNÚ(�)�:),�v73Ω1 Sk.,=�3~êA,¦|v| ≤

A.

dv�½Â�,�r → ∞�k∣∣∣∣∣ r
R

u(r1, θ, ϕ)
∣∣∣∣∣ ≤ A ⇒ |u(r1, θ, ϕ)| ≤

c
r
.

ùÒy²
u3Ã¡�?ªu"��ê���O
(

1
r

)
.

~~~ 3.12 y²??÷v²þ�úª(2.11)�ëY¼ê�½´NÚ¼ê.

y: u�ëY¼ê,3ΩS??÷v²þ�úª,±?�:M0 �¥%, ε��

»�¥Kε,¦Ù��á3ΩS,3KεS¦)Dirichlet¯K 4v = 0, KεS

v|Γε = u|Γε .

dPoisson úª��3��)v, v ´Kε S�NÚ¼ê, ¤á²þ�úª, ?


u − v 3Kε S½¤á²þ�úª, Ïdu − v¤á4��n, 
dv�½Â

�(u − v)|Γε = 0,dd�3Kε Su − v ≡ 0,=u3Kε SNÚ.dM0 �?¿5=

�u3ΩSNÚ.
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4 r4��n!1�>�¯K)���5

~~~ 4.1 Á^r4��n5y²4��n.

y: eu����3S:M0 ��u(M0) = m. �δ > 0¿©�,¦±M0 �%,

2δ��»�¥á3ΩS.

e¡Äky²3±M0 �%, δ ��»�¥S7ku(M) = m. ÄKe�

3M1,¦u(M1) < m,�M1 �M0 �ål�uδ,K7�30 < ρ < δ,¦±M1 �

%, ρ��»�¥Sþku(M) < m,
3¥¡þ�3M̂,¦u(M̂) = m. dr4

��n�,3M̂ :{��êØ�",
d¼ê3S:��4��7�^��

3M̂ :�?Û����êþ�". ddgñ�, eu(M0) = m, K3±M0 �

%, δ��»�¥Su(M) = m. ùÒ`²8ÜE = {M|u(M) = m}´m8,
q

du�ëY¼ê, E7�48,ÏdE = Ω,�Ò´u ≡ m. ù�Òy²
�Øð

�u~ê�NÚ¼ê3SÜ�Ø�4�.

~~~ 4.2 |^4��n9r4��ny²: �«�Ω�>.Γ÷v½n4.2¥�

^��,NÚ�§1n>�¯K(
∂u
∂n

+ σu
)∣∣∣∣∣∣

Γ

= f (σ > 0)

�)���5.

y: -u1, u2 ©O�NÚ�§1n>�¯K�),Ku = u1 − u2 ÷v

4u = 0,
(
∂u
∂n

+ σu
)∣∣∣∣∣∣

Γ

= 0.

eu Øð�u~ê, d4��n, u ����Ú���73>.þ��. �

3M0 ��4�,3M1 ��4�.dr4��n�

∂u
∂n

(M0) < 0,

2d>.^��

u(M0) = −
1
σ

∂u
∂n

(M0) > 0,

�u�����u";Ón��u(M1) < 0,=u�����u". dd�gñ,

¤±�Uuð�u~ê. 2d>.^���u ≡ 0,��5�y.

~~~ 4.3 `²3y²r4��n¥, Ø�U�Ñ��÷v^�(1)Ú(3)�9Ï

¼êv(x, y, z),¦§3��¥x2 + y2 + z2 ≤ R2 S÷v4v > 0.
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y: Xv(x, y, z)3��¥S(r ≤ R)÷v4v > 0,K7kv�����U3«

��>.þ��,
d^�(3)
dv
dr

< 0, v÷r��´üN4~�¼ê,4��

73>.þ��,d^�(1)�v3r = Rþ�",¤±v ≡ 0,ù�4v > 0gñ.

~~~ 4.4 éu���ý�.�§
n∑

i, j=1

ai j
∂2u
∂xi∂x j

+

n∑
i=1

bi
∂u
∂xi

+ cu = 0,

b�Ý
(ai j ´�½�,=é?¿�½�¢êλ1, . . . , λn,¤á

n∑
i, j=1

ai jλiλ j ≥ α

n∑
i=1

λ2
i (α���~ê),

q�c ≤ 0, Áy²§�)�¤áXr4��n. �Ò´`, XJu(M) 3

¥
n∑

i=1
x2

i < R2 S÷vþã�§,34¥
n∑

i=1
x2

i ≤ R2 þëY,3¥¡þ��:M0

��������,�3T:÷ν������ê ∂u
∂ν
�3,Ù¥ν�¥�S{

���¤b�,K3M0 :k
∂u
∂ν

> 0.

y: �u3M0 :�K����,���»�r0 ��¥K∗, Ù�%3O�M0

�ë�ãþ,��K :
n∑

i=1
x2

i = R2 ��, K∗ S¤áu(M) < 0. ±K∗ �¥%O�

#�I�:,#��IP�xi,�r2
=

n∑
i=1

x2
i . duu3¥K S÷v�§�3K∗

S¤á

L1u =

n∑
i, j=1

ai j
∂2u
∂xi∂x j

+

n∑
i=1

bi
∂u
∂xi

=

n∑
i, j=1

ai j
∂2u
∂xi∂x j

+

n∑
i=1

bi
∂u
∂xi

+ cu − cu

= Lu − cu ≤ 0.

²�I²£�3K∗S¤á

L1u =

n∑
i, j=1

ai j
∂2u
∂xi∂x j

+

n∑
i=1

bi
∂u
∂xi
≤ 0.

�9Ï¼ê

v(M) = e−ar2
0 − e−ar2
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Kv÷v: (1)
dv
dr

> 0, (2) v|r=r0 = 0, (3)

L1v = −e−ar2

4a2
n∑

i, j=1

ai jxix j − 2a
n∑

i=1

(aii + bixi)

 .
PD�±O�%, r0 ��»�¥�r0/2��»�¥�m�«�,K�±

�a¿©�¦3DSL1v < 0. qdM0 �K∗ SK�4�:,��ε¿©�,¦

¼ê

w(M) = u(M) + εv(M)

3D�S>.
n∑

i=1

x2
i =

(r0

2

)2
þ¤áw > u(M0).

d½Â,3Ó%¥«�DS¤áL1w = L1u + εL1v < 0,¤±w����

73D�>.þ��,
3D�	>.þw = u(M) ≥ u(M0),3S>.þ½¤

áw > u(M0),¤±w3M0 :�4��,A¤á

∂w
∂ν

(M0) ≥ 0.

5¿�
∂v
∂ν

< 0,l
k

∂u
∂ν

(M0) =
∂w
∂ν

(M0) − ε
∂v
∂ν

(M0) > 0.
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