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�?�ÚïÄê¼L§�nØ§0�ý)ØýéëY��..

···KKK10 e¡n�Øä�d:
(i) é,� q > 0 Ú,� x ∈ Rd§ÿÝ U q(x, dy) 'u Lebesgue ÿÝýéëY. Ù¥�!^ m

L« Lebesgue ÿÝ.= ∃q = q0 > 0,∃x = x0 ∈ Rd ¦� U q0(x0, dy)� m.
(ii) ∀q > 0, ∀x ∈ Rd§ÿÝ U q(x, dy) 'u Lebesgue ÿÝýéëY.= ∀q > 0,∀x ∈ Rd k

U q(x, dy)� m..
(iii) ý)�fäkr Feller 5§=é ∀q > 0 Ú f ∈ L∞(Rd)§¼ê U qf ëY.
555µd�¡�·K11ÚöS5(1)�±wÑ·K10¥�(iii)�(ØU� U qf e�ëY(ØE¤á.

yyy²²². Äky² (i) ⇔(ii).
(ii)⇒(i) w,.
(i)⇒(ii) � ∃q = q0 > 0, ∃x = x0 ∈ Rd ¦� U q0(x0, dy) � m.Ké ∀N ∈ B(Rd), e m(N) = 0,

K m(−N) = 01.dýéëY5 U q0(x0,−N) = 0. l


U q0(x0,−N) = U q01−N(x0) = γq0 ∗ 1−N(x0)

=

∫
Rd

1−N(x0 − y)γq0(dy)

x0−y=−z
=======

∫
Rd

1−N(−z)γq0(dz)

=

∫
Rd

1N(z)γ
q0(dz) = γq0(N) = 0.

·��� γq0 � m ,
dý)�§

γq − γq0 + (q − q0)γq ∗ γq0 = 0

w,k γq(N) = 0,∀q > 0.
=k γq � m .
e m(N) = 0,K m(−N) = 0,��aqc>�y²k U q(x,−N) = γq(N) = 0,∀q > 0,∀x ∈ Rd.

w, −N �´?¿�§=k U q(x, dy)� m,∀q > 0,∀x ∈ Rd.
ey (ii)⇔(iii).
(ii)⇒(iii) e (ii) ¤á,dRadon-Nikodym ½n§�3 ĝq ∈ L1(Rd),¦� ∀A ∈ B(Rd), γq(A) =∫

A
ĝq(x)m(dx). (½�¤ γq(dx) = ĝq(x)m(dx))é?Ûk.�ÿ¼ê f (|f | 6 M,M > 0)§

dLebesgue �È¼ê�²þëY52k

1� T : Rd → Rd ´�ÛÉ��5C�.eE ∈M .K T (E) ∈M �km(T (E)) = |det(T )| ·m(E).
2e f ∈ L1(Rd),Kk

lim
h→0

∫
Rd

|f(x+ h)− f(x)|dx = 0.
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∣∣∣∣∫
Rd

f(y)ĝq(z − y)m(dy)−
∫
Rd

f(y)ĝq(x− y)m(dy)

∣∣∣∣ 6M

∫
Rd

∣∣ĝq(z − y)− ĝq(x− y)∣∣m(dy)→ 0, (z → x).

� ĝq ∗ f ëY.2d

U qf(x) = γq ∗ f(x) =
∫
Rd

f(x− y)γq(dy) =
∫
Rd

f(x− y)ĝq(y)m(dy) = ĝq ∗ f

� U qf ëY.é ∀f ∈ L∞(Rd) ´� U qf ëY.
(iii)⇒(ii) é ∀N ∈ B(Rd), e m(N) = 0,- f = 1N ,d U qf = γq ∗ f ��

∫
Rd

U qf(x)dx =

∫
Rd

γq ∗ f(x)dx

=

∫
Rd

[∫
Rd

f(x− y)γq(dy)
]
dx

Fubini
=====

∫
Rd

[∫
Rd

f(x− y)dx
]
γq(dy)

= γq(Rd)

∫
Rd

f(x)dx

=

∫ ∞
0

e−qtP(−Xt ∈ Rd)dt ·m(N)

=
1

q
· 0 = 0.

q f = 1N > 0,� U qf(x) = 0 a.e. q U qf(x) ëY,Ïd U qf(x) = 0,∀x ∈ Rd. = U q(x,N) =
0,∀q > 0,∀x ∈ Rd.u´ U q(x, dy)� m,∀q > 0, ∀x ∈ Rd. �

�·K10¤á�§·�¡ý)Ø´ýéëY�.é ∀q > 0, d Radon-Nikodym ½n§�3��
�ÿ¼ê gq(x) : Rd → [0,∞) ¦�é?Û�ÿ¼ê f > 0, x ∈ Rd,

U qf(x) =

∫
Rd

f(y)gq(y − x)dy

d·K10,

U qf(x) = ĝq ∗ f(x) =
∫
Rd

f(y)ĝq(x− y)dy

d f �?¿5´� gq(x) = ĝq(−x) a.e. x ∈ Rd . ¡ù��¼ê gq �ý)�Ý.
e¡·��8�´y²�±À�ý)�Ý���AÏ��.Äk·�k0���­��¼êx.

½½½ÂÂÂ1(L©¼ê) é ∀q > 0, ¡��u [0,∞] � Borel �ÿ¼ê� q− L©�.XJ§÷v
(1) rU r+qf 6 f, ∀r > 0;
(2) lim

r→∞
rU r+qf(x) = f(x), x ∈ Rd.

^ý)�f�Ñ�L©¼ê�½ÂÚ^=£�+½Â´�d�§=L©¼ê��Xe½Â
½½½ÂÂÂ1’(L©¼ê) é ∀q > 0, ¡��u [0,∞] � Borel �ÿ¼ê� q−L©�.XJ§÷v
(3) e−qtPtf 6 f, ∀t > 0;
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(4) lim
t→0+

e−qtPtf(x) = f(x), x ∈ Rd.

¼ê f ÷v (3) ¡� f 'u (Pt) ´ q þ²þ�.
·�òy²Ø� ½Â1 Ú ½Â1’ �d§
�§�Úe¡ü«½Â��d.
½½½ÂÂÂ1”(L©¼ê) é ∀q > 0, ¡��u [0,∞] � Borel �ÿ¼ê� q−L©�.XJ§÷v
(5) rU r+qf(x) ↑ f(x) (r ↑ ∞).
½½½ÂÂÂ1”’(L©¼ê) é ∀q > 0, ¡��u [0,∞] � Borel �ÿ¼ê� q−L©�.XJ§÷v
(6) e−qtPtf(x) ↑ f (t ↓ 0).
Äky²½Â1Ú½Â1”�d9½Â1’Ú½Â1”’�d.��y²½Â1Ú½Â1’�d.©O�Ñy

².
1.½Â1Ú½Â1”�d.

yyy²²². d(5)⇒ (1)(2) w,.
,��¡§e(1)¤á§Ké ∀s > 0,dý)�§

U r+q − U r+q+s = sU r+q+sU r+q

k
rU r+qf = rU r+q+sf + sU r+q+s(rU r+qf) 6 (r + s)U r+q+sf.

� rU r+qf(x) 'u r 4O(5: �¡õg^�,Ø2y²)§2d(2)��(5) ¤á.�y. �

2.½Â1’Ú½Â1”’�d.

yyy²²². d(6)⇒ (3)(4) w,.
,��¡§e(3)¤á§^ e−qsPs �^(3),|^�+½Â,w,k

e−q(s+t)Ps+tf(x) = e−qsPs(e
−qtPtf(x)) 6 e−qsPsf(x),∀t > 0,∀s > 0.

� e−qtPtf(x) ↑ (t ↓ 0).2d(4)��(6)¤á.�y. �

3.½Â1Ú½Â1’�d.�d·�kU½Â1� q−L©¼ê�½Â§©ÛL©¼ê�5�§,�
|^ù
5��Ñ½Â1Ú½Â1’�d5�y².
···KKK10.1 0 6 q <∞.
(i) e {fn, n = 1, 2, · · · } ´üN4O� q−L©¼ê§K§��4�¼ê f(x) �´ q− L©�.
(ii) f ´��u [0,∞] � Borel �ÿ¼ê§K U qf ´ q−L©�.
(iii) ¼ê f ´ q−L©���=� f é ∀s > q ´ s−L©�.

yyy²²². (i) rU r+qfn(x) 6 fn(x) 6 f(x),ü>�4�düNÂñ½nk rU r+qf(x) 6 f(x), u´
fn(x) = lim

r→∞
rU r+qfn(x) 6 lim

r→∞
rU r+qf(x) 6 f. - n→∞ dY%OK lim

r→∞
rU r+qf(x) = f(x).

(ii) dý)�§�� U r+qf(x) + rU r+qU qf(x) = U qf(x). (1) eé?¿�s > 0, U sf(x) =∞, K
(Øw,¤á.(2) e ∃s > 0, U sf(x) < ∞, K� r ¿©��(~X r > s )k U r+qf(x) < ∞, dý
)�§ rU r+qU qf(x) = U qf(x)− U r+qf(x) 6 U qf(x). 
�d Levi ½n(ü~�þ�k�È¼ê�
�), U r+qf(x)→ 0 (r →∞),� rU r+qU qf(x)→ U qf(x) (r →∞).

(iii) ”⇒” e f ´ q−L©�§K ∀s > q, rU r+sf(x) 6 rU r+qf(x) 6 f(x). (1) e U r+sf(x) =
∞, KdþãØ�ª7k f(x) = ∞,(Øw,¤á. (2) e U r+sf(x) < ∞, Kdý)�§��
rU r+sf(x) = (r + s− q)U (r+s−q)+qf(x)− (s− q)U r+sf(x)→ f(x) (r →∞).

”⇐” e f ´ s−L©�,(∀s > q). rU r+qf(x) = lim
s↓q

rU r+sf(x) 6 f(x). (1) e U r+qf(x) = ∞,(

Øw,¤á. (2)e U r+qf(x) <∞,Kdý)�§�� rU r+qf(x) = (r+ q− s)U (r+q−s)+sf(x)+(s−
q)U r+qf(x)→ f(x) (r →∞). �
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e¡y²½Â1Ú½Â1’�d.

yyy²²². e(3)(4)¤á§K

rU r+qf(x) = r

∫ ∞
0

e−(r+q)tPtf(x)dt
rt=z
====

∫ ∞
0

e−ze−q
z
rP z

r
f(x)dz ↑

∫ ∞
0

e−zf(x)dz(r ↑ ∞) = f(x).

=(3)(4)⇒(1)(2).
e (1)(2)¤á§© q > 0 Ú q = 0.
e q > 0, - fn = f ∧ n,K rU r+qfn 6 (rU r+qf) ∧ rU r+qn 6 fn. dý)�§k U r+qfn =

U qfn − rU qU r+qfn = U q(fn − rU r+qfn),w, fn − rU r+qfn > 0 � Borel �ÿ.Kd·K10.1(ii)�
U r+qfn ´ q−L©�.d·�®²y²� rU r+qfn 'u r üN4O§�� rU r+qfn → hn (r → ∞).
2d fn 'u n üO�� hn üO,� hn ↑ h.d·K10.1(i)9 rU r+qfn ´ q−L©�� hn ´
q−L©�,?
 h ´ q−L©�.��¡w,k hn 6 fn k h 6 f. ,��¡d rU r+qfn 6 hn k
rU r+qf 6 h.- r →∞ k f 6 h. l
 f = h.� f ´ q−L©�.
e q = 0,d·K10.1(iii),�Iy²f ´ s−L©�(∀s > 0).ù«�/®²y².� f ´ 0−L©�.

�

üa;.� q−L©¼ê.
a. g > 0 ��K�ÿ,U qg ´ q−L©¼ê.ù3·K10.2 (ii)®²y².
b. f(·) = E·(exp{−qT ′}), T ′´8Ü B �Â¥�,T ′ = TB = inf{t > 0, Xt ∈ B}.
ey b ¥¼ê´ q−L©¼ê.

yyy²²². 5¿�é ∀t > 0, T ′ ◦ θt = inf{s > 0, Xt+s ∈ B} > T ′ − t. Ù¥ θt ´í£�f.

Ex[f(Xt)] = ExEXt exp{−qT ′} = Ex{Ex[exp{−qT ′ ◦ θt}|Ft]}
= Ex exp{−qT ′ ◦ θt} 6 Ex exp{−q(T ′ − t)} = eqtf(x).

u´

rU r+qf(x) =

∫ ∞
0

re−(r+q)tEx[f(Xt)]dt 6 f(x).


� T ′ ◦ θt → T ′ (t ↓ 0).�d��Âñ½n rU r+qf(x)→ f(x) (r →∞). �

e��·K�Ñ�ý)�f�éu Lebesgue ÿÝk���ÝØ�§L©¼ê´/1w0�.
···KKK11 b�ý)ØýéëY.
(i) ¤k q−L©¼êÑ´e�ëY�.
(ii) e f Ú g ´ü� q−L©¼ê� f > h a.e. ,K f > h,∀x ∈ Rd.

yyy²²². (i) f ´ q−L©¼ê.k, r > 0,��¡düNÂñ½n sup
k>0

U r+q(f ∧ k) = U r+qf. df ´ q−L

©¼ê§sup
r>0

rU r+qf = f. ,��¡§d·K10ý)�fäkr Feller 5,Ïd rU r+q(f ∧ k) ëY.

de�ëY�5�3k f = lim
n→∞

lim
k→∞

nUn+q(f ∧ k) e�ëY.

(ii) �â·K10§U r(x, dy) � m,∀r > 0,∀x ∈ Rd. e f Ú g ´ü� q−L©¼ê� f > h a.e
§w,k rU r+qf(x) > rU r+qh(x),∀x ∈ Rd.qdu f Ú g ´ q−L©¼ê,Ïd

f(x) = lim
r→∞

rU r+qf(x) > lim
r→∞

rU r+qh(x) = h(x) (∀x ∈ Rd).

�

3e¼êS�{fn(x)}3«m [a, b] þk½Â§¿�z� fn e�ëY§� fn ↑ f ,K f e�ëY.
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I��ÑXJ·K11�ü^¥?¿�^¤á§Ký)�fýéëY.e¡�Ñy².
(a)e·K11¥(i)¤á§Ký)ØýéëY.

yyy²²². ∀N ∈ B(Rd), e m(N) = 0, d·K10¥�y²� f(x) = 1N(x) �� U q(x,N) = 0, a.e.
qd·K10.1(ii)� U q(x,N) = U q1N(x) ´ q−L©¼ê.l
e�ëY.=é ∀ε > 0,∃δ > 0,�
|y − x| < δ �, U q(y,N) > U q(x,N)− ε.
ù�7k U q(x,N) = 0, ∀x ∈ Rd.ÄK,e�3�: x0, s.t. U

q(x0, N) > 0,K� ε0 =
1
2
U q(x0, N) >

0, ∃δ0 > 0,� |y− x0| < δ0 �, U q(y,N) > U q(x0, N)− ε0 = 1
2
U q(x0, N) > 0. ù� U q(x,N) = 0, a.e.

gñ.� U q(x,N) = 0, ∀x ∈ Rd. �y. �

(b)e·K11¥(ii)¤á§Ký)ØýéëY.

yyy²²². NÓþ§� f ≡ 0, h = U q(x,N) þ� q−L©¼ê,w, f > h a.e. d·K11 ¥(ii)�µ0 >
U q(x,N),∀x ∈ Rd. � U q(x,N) = 0,∀x ∈ Rd. �y. �

e¡�·Kw«·�U
ÀJ��éÐ�ý)�Ý��.
···KKK12 b�ý)ØýéëY.K�3����ÿ¼ê uq : Rd → [0,∞] ¦�
(i) é?¿��ÿ¼ê f > 0, x ∈ Rd

U qf(x) =

∫
Rd

f(y)uq(y − x)dy.

(ii) ¼ê ûq : x→ uq(−x) ´ q−L©�.

yyy²²². éz� r > 0, À�ý)�Ý���?¿�� gr ¦�÷v4∫ ∞
0

e−rtP(Xt ∈ A)dt =
∫
A

gr(y)dy ∀A ∈ B(Rd) (∗)

l(∗)ª�±wÑ gr 6 gq, a.e. q 6 r. � gr
L1(Rd)−−−−→ 0 (r → ∞). 5¿�?¿��K�ÿ¼ê f ,

U rf = ĝr ∗ f.
Äkòý)�§�¤

(r − q)ĝr ∗ ĝq = ĝq − ĝr a.e. (4)

w,k

(r − q)U rĝq 6 ĝq a.e. (5)

y² (r − q)U rĝq 'u r üN4O��{Úy² rU r+q 'u r üO���Ó§�Ñ�.
u´- ûq = lim

r→∞
(r − q)U rĝq,K

ûq = lim
r→∞

(r − q)U rĝq = lim
r→∞

(r − q)ĝr ∗ ĝq = lim
r→∞

ĝq − ĝr = ĝq a.e. (∗∗)

� ûq = ĝq a.e. ,uq(x) = ûq(−x) = q̂q(−x) = gq(x),a.e. ´ gq �����.w,k ĝr ∗ ûq =
ĝr ∗ ĝq = U rûq§
�

U qf(x) = ĝq ∗ f(x) = ûq ∗ f(x) =
∫
Rd

f(y)ûq(x− y)dy =

∫
Rd

f(y)uq(y − x)dy.

ey ûq ´ q−L©�.��¡d (5) ªk rU r+qĝq 6 ĝq a.e. ^ sU s+q �^uþª��:

rU r+q(sU s+qĝq) = sU s+q(rU r+qĝq) 6 sU s+qĝq ∀x ∈ Rd

4 �> = γr(−A) =
∫
−A ĝ

r(y)dy =
∫
−A g

r(−y)dy =
∫
A
gr(y)dy = m>

5



d ûq �½Â,éþª- s → ∞ düNÂñ½n, rU r+qûq 6 ûq. ,��¡d ûq = ĝq a.e. w,k
ûq = lim

r→∞
rU r+qĝq = lim

r→∞
rU r+qûq. � ûq ´ q−L©�.

��5 b��3 vq �÷v§K�f = 1{uq>vq} w,�K§d(i)��

U qf(x) =

∫
Rd

f(y)uq(y − x)dy =

∫
Rd

f(y)vq(y − x)dy.

u´ ∫
{uq>vq}

[uq(y − x)− vq(y − x)]dy = 0

Ïd uq 6 vq a.e. d·K11§uq 6 vq,∀x ∈ Rd. Ónµuq > vq,∀x ∈ Rd.u´ uq = vq,∀x ∈ Rd.
��5�y. �
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