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Abstract Theoretical prediction of adiabatic shear band
spacing is beneficial to understand the mechanism of
the serrated chip formation. The momentum equation,
energy equation and compatibility equation in orthogo-
nal cutting are established in this paper. Using pertur-
bation analysis by regarding cutting speed and uncut
chip thickness as basic disturbance, an analytical solu-
tion of adiabatic shear band spacing is developed. Adi-
abatic shear band spacing of serrated chip is related to
the wave number of the perturbation when the growth
rate reaches to maximum. It is found that adiabatic
shear band spacing decreases with the increase of cut-
ting speed but increases with uncut chip thickness. The
experiment of orthogonal cutting Ti6Al4V under differ-
ent cutting speeds (50 m/min-1800 m/min) and uncut
chip thicknesses (0.02 mm-0.16 mm) verifies the valid-
ity of the theoretical prediction.

Keywords Orthogonal cutting . Adiabatic shear band
spacing . Serrated chip . Perturbation analysis

1 Introduction

The serrated chip is prone to forming in high-speed machining.
While the workpiecematerial is plastic metal, themechanism of
serrated chip could be expressed as an adiabatic shear instabil-
ity. The characteristic of adiabatic shear is that there are some
narrow bands due to severe plastic deformation. These narrow
bands are usually called adiabatic shear band (ASB). Figure 1
presents ASB in serrated chip during high-speed machining
Ti6Al4V under the cutting conditions of cutting speed V=
1,200m/min, uncut chip thickness ac=0.07mm, tool rake angle
γ0=0°, and cutting speed V=4800 m/min, uncut chip thickness
ac=0.035 mm, tool rake angle γ0=0° [1]. Adiabatic shear band
spacing (ASBS) is an important geometric characteristic of
serrated chip. Prediction of ASBS is conducive to understand
the mechanism of serrated chip formation such as accurately
calculating the frequency of serrated chip.

The analytical method to predict ASBS is mostly used by
impact tests. Batra and Kim analyzed the nonlinear coupled
partial differential equations governing the overall simple
shearing deformations of a thermal-softening viscoplastic
block. The effect of the defect size on the initiation and
subsequent growth of the shear band has been studied [2].
Wright and Ockendon have used linear perturbation analysis
to characterize adiabatic shear instability. It is assumed that the
wavelength associated with the dominant mode determines
ASBS. The analysis of this is restricted to perfect plastic
materials without considering strain hardening [3]. Batra and
Chen studied the thermo-viscoplastic response of the material
by four different relations using perturbation method. The
stability of the governing equations is analyzed [4]. It is found
that the qualitative responses predicted by Wright–Batra,
Johnson–Cook and power law relations are similar but they
differ from that predicted by Bodner–Partom relation.
Molinari has characterized ASBS by analytical methods with
one-dimensional formulation. Using perturbation analysis, a
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dominant instability mode whose wavelength is related to
ASBS has been characterized. Explicit solutions for materials
with no strain hardening have been found. Asymptotic devel-
opments have been used to obtain the results considering
strain hardening [5]. Based on Molinari’s model [5], Yang
et al. proposed a modified model of ASBS by considering the
non-uniform distribution of the wavy plastic deformation. A
shape factor is introduced to represent the effect of applied
loads and the pre-deformation on shear band spacing [6].
Batra and Wei developed an analytical model of ASBS for
the thermo-viscoplastic materials considering strain harden-
ing, strain-rate hardening, and thermal softening by studying
the stability of a homogeneous solution of equations
governing its simple shearing deformations. They found that
ASBS increases with thermal conductivity and strain-rate
hardening exponent but it decreases with an increase of
strain-hardening exponent [7]. Through high-speed machin-
ing of 1045 steel, the influence of cutting speed on the chip
formation was studied. The quantitative relationship between
chip morphology parameters and the cutting speed has been
obtained [8].

ASB is usually generated in high frequency during high-
speed cutting processes. As shown in Fig. 1, the thickness of
the shear zone is small and kinetic. The variation of ASBS can
be ascribed to the change of cutting conditions such as cutting
speed and uncut chip thickness. In this paper, a closed-form
expression of ASBS in high-speed machining is proposed
using perturbation analysis. The effects of cutting conditions
including cutting speed and uncut chip thickness on ASBS are

studied. Through high-speed machining Ti6Al4V, the method
to obtain the analytical solution of ASBS is confirmed.

2 Modeling of high-speed orthogonal cutting

For developing the model of high-speed orthogonal cutting,
the following assumptions are made:

1. The orthogonal cutting process is under plane strain de-
formation conditions.

2. There is no build-up edge (BUE) formation in orthogonal
cutting.

3. The radius of cutting edge is neglected.
4. The workpiece material is supposed to be homogeneous

that is isotropic hardened and governed by thermo-
viscoplastic constitutive equation.

The geometry of serrated chip and basic parameters in
high-speed orthogonal cutting are shown in Fig. 2. The x axis
is along the shear zone and y axis is perpendicular to the x axis.
The momentum equation, energy equation, and compatibility
condition are respectively given as Eqs. (1) – (3).

ρ
∂v
∂t

¼ ∂τ
∂y

ð1Þ

ρc
∂T
∂t

¼ βτ
∂γ
∂t

þ k
∂2T
∂y2

ð2Þ

γ̇ ¼ ∂v
∂y

ð3Þ

Where γ, γ̇ , τ, T are shear strain, shear strain rate, shear
stress, and cutting temperature, respectively. v is material
velocity. ρ, c, k, β, t are workpiece mass density, heat capacity,
heat conductivity, the Taylor-Quinney coefficient which is
approximately equal to 0.9, and time, respectively. Substitut-
ing Eq. (3) to (1), Eq. (4) can be obtained.

ρ
∂2γ
∂t2

¼ ∂2τ
∂y2

ð4Þ

Upon the application of appropriate boundary conditions,
the solution of Eqs. (2) and (4) leads to a steady state solution
corresponding to continuous chip formation. However, other
types of chip morphology, e.g. serrated chip, can be formed
usually at high cutting speeds while the above solution is not a
group of real number.

ASB

V=1200m/min

ac=0.07mm

0=0°

V=4800m/min

ac=0.035mm

0=0°γ γ
Fig. 1 ASBS in high-speed orthogonal machining Ti6Al4V [1]
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3 Analytical characterization of ASBS

In order to study adiabatic shear instability of the ho-
mogeneous solution of governing Eqs. (2) and (4), the
linear instability analysis has been used [3, 9–11]. It is
supposed that:

γ ¼ γ0 þ γ0

γ0≪γ0

�
;

T ¼ T 0 þ T 0

T 0≪T0

�
;

τ ¼ τ0 þ τ 0

τ 0≪τ0

�
ð5:1∼5:3Þ

where γ0, T0 and τ0 is the solution of Eqs. (2) and (4). γ′, T′ and
τ′ are infinitesimal perturbations. The perturbations are sup-
posed to have the forms:

γ0 ¼eγeαtþiqy; T 0 ¼ eTeαtþiqy; τ 0 ¼ eτeαtþiqy ð6:1∼6:3Þ

where eγ , eT and eτ are the amplitude of the perturbations about
shear strain, cutting temperature and shear stress, respectively,
α is the corresponding growth rate, and q is the wave number.
Then, the governing Eqs. (2) and (4) can be expressed as
Eq. (7).

ρcαTe ¼ βταγeþβτeγ̇ −kq2Teρα2γe ¼ −τeq2
n

ð7Þ

It can be considered that the perturbations are produced by
the chatter from the machining system of machine tool-cutting
tool-workpiece. The reason of the perturbation can then be

regarded as the perturbation of eV and eac . The perturbation is
supposed as followings.

V ¼ V 0 þ V 0

V 0≪V 0

V 0 ¼ Veeαtþiqy

8<
: ;

ac ¼ a0c þ a
0
c

a
0
c≪ac

0

a
0
c ¼ eaceαtþiqy

8><
>: ð8:1∼8:2Þ

where V is the cutting speed and ac is the uncut chip
thickness. The perturbation of eγ , eT and eτ can be
regarded as produced by the perturbation of cutting
conditions. The relationships between eγ , eτ , eT , and
V, ac can be expressed as the following:

eγ ¼ ∂γ
∂V
eV þ ∂γ

∂ac
eac; eT ¼ ∂T

∂V
eV þ ∂T

∂ac
eac;eτ

¼ ∂τ
∂V
eV þ ∂τ

∂ac
eac ð9:1∼9:3Þ

Substituting Eqs. (9) into (7), the governing equation be-
comes:

ρcαþ kq2
� �∂T

∂V
−βτα

∂γ
∂V

−βγ̇
∂τ
∂V

� �eV þ ρcαþ kq2
� � ∂T

∂ac
−βτα

∂γ
∂ac

−βγ̇
∂τ
∂ac

� �eac
¼ 0 ρα2 ∂γ

∂V
þ q2

∂τ
∂V

� �eV þ ρα2 ∂γ
∂ac

þ q2
∂τ
∂ac

� �eac ¼ 0
ð10Þ

8>>>>>>>><
>>>>>>>>:

For the solution (eV , eac ), the following characteristic
equation is obtained.

A3α
3 þ A2α

2 þ A1αþ A0 ¼ 0 ð11Þ

The coefficients of the characteristic equation are expressed
as the following:

A3 ¼ ρ2c
∂T
∂V

∂γ
∂ac

−
∂γ
∂V

∂T
∂ac

� �
ð12:1Þ

A2 ¼ ρkq2
∂T
∂V

∂γ
∂ac

−
∂T
∂ac

∂γ
∂V

� �
þ ρβγ̇

∂γ
∂V

∂τ
∂ac

−
∂γ
∂ac

∂τ
∂V

� �
ð12:2Þ

A1 ¼ ρcq2
∂T
∂V

∂τ
∂ac

−
∂T
∂ac

∂τ
∂V

� �
þ βτq2

∂γ
∂ac

∂τ
∂V

−
∂γ
∂V

∂τ
∂ac

� �
ð12:3Þ

A0 ¼ kq4
∂T
∂V

∂τ
∂ac

−
∂T
∂ac

∂τ
∂V

� �
ð12:4Þ
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Fig. 2 Modeling of high -peed orthogonal cutting
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It is a specific process that adiabatic shear instability may
be produced periodically in high-speed machining. It is sup-
posed that adiabatic shear instability occurs at the position AB
shown in Fig. 2 at the maximum strain rate. The shear strain
and shear strain rate while producing continuous chip can be
expressed as the following [12]:

γ ¼ cosγ0
2sinϕcos ϕ−γ0ð Þ ð14:1Þ

γ̇ ¼ 5:9V sinϕcosγ0
accos ϕ−γ0ð Þ ð14:2Þ

where γ0 is the tool rake angle and ϕ is the shear angle. The
chip morphology transformation is a gradual process during
machining process. The morphology of chip changes from
continuous type to serrated one when adiabatic shear instabil-
ity generates. The adiabatic shear instability can be ascribed to
the influence of cutting speed and uncut chip thickness. Be-
fore the generation of adiabatic shear instability, the

deformation can be considered as that of continuous chip.
Therefore, the deformation can be expressed as
Eqs. (14.1∼14.2) when adiabatic shear instability is to be
generated. Differentiation of shear strain γ and shear strain
rate γ̇ in Eqs. (14.1∼14.2) with respect to cutting speed and
uncut chip thickness, the Eqs. (15.1∼15.4) can be obtained.

∂γ
∂V

¼ −
cos 2ϕ−γ0ð Þcosγ0
2sin2ϕcos2 ϕ−γ0ð Þ

∂ϕ
∂V

ð15:1Þ

∂γ
∂ac

¼ −
cos 2ϕ−γ0ð Þcosγ0
2sin2ϕcos2 ϕ−γ0ð Þ

∂ϕ
∂ac

ð15:2Þ

∂γ̇
∂V

¼ 5:9sinϕ⋅cosγ0
accos ϕ−γ0ð Þ þ 5:9Vcos2γ0

accos2 ϕ−γ0ð Þ
∂ϕ
∂V

ð15:3Þ

∂γ̇
∂ac

¼ 5:9Vcos2γ0
accos2 ϕ−γ0ð Þ

∂ϕ
∂ac

−
5:9V sinϕcosγ0
ac2cos ϕ−γ0ð Þ ð15:4Þ

Table 1 Chemical composition of Ti6Al4V

Element C Fe N Al V H Ti

wt.% 0.05 0.09 0.01 6.15 4.40 0.005 Base

R80
detail 1

detail 1
1:6

0.2

52

6
M N

5

Fig. 3 Specific shape of the workpiece

Cutter Fixture

Fig. 4 Orthogonal cutting setup

50 µm

Fig. 5 Microgram of the chip root (V=50 m/min, ac=0.1 mm)
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The heat produced from plastic work will not diffuse
during the adiabatic shear, so the temperature in the shear
zone can be expressed as Eq. (16).

T ¼ βτγ
ρc

ð16Þ

The differentiation of the cutting temperature and the shear
stress with respect to cutting speed and uncut chip thickness
can then be expressed as:

∂T
∂V

¼

∂τ
∂γ

∂γ
∂V

þ ∂τ

∂γ̇

∂γ̇
∂V

 !
γ þ τ

∂γ
∂V

ρc−γ
∂τ
∂T

ð17:1Þ

∂T
∂ac

¼

∂τ
∂γ

∂γ
∂ac

þ ∂τ

∂γ̇

∂γ̇
∂ac

 !
γ þ τ

∂γ
∂ac

ρc−γ
∂τ
∂ac

ð17:2Þ

∂τ
∂V

¼ ∂τ
∂γ

∂γ
∂V

þ ∂τ

∂γ̇

∂γ̇
∂V

þ ∂τ
∂T

∂T
∂V

ð17:3Þ

∂τ
∂ac

¼ ∂τ
∂γ

∂γ
∂ac

þ ∂τ

∂γ̇

∂γ
∂ac

þ ∂τ
∂T

∂T
∂ac

ð17:4Þ

Previous studies [4, 5, 10, 13, 14] show that the wavelength
is related to the wave number qwhen the growth rate reaches
the maximum. So αm and q should satisfy Eq. (18).

dα
dq α¼αmj ð18Þ

The adiabatic shear in high-speed machining is regarded as
a result of perturbation which varies with the change of time t
and space (y direction). When the growth rate changes from 0
toαm. The perturbation will reach its peak and then evolve in a
periodic cycle. The wavelength when the growth rate reaches
the maximum can be regarded as the ASBS. So, the ASBS is
defined with Eq. (19).

d ¼ 2π
q

α ¼ αmj ð19Þ

Submitting Eqs. (11)–(18) to (19), the analytical solution of
ASBS is obtained. It can be found that ASBS is determined by
the cutting conditions and the constitutive equation for work-
piece material.

4 Experimental validation and discussion

Titanium alloy Ti6Al4V has been widely applied to aircraft
engines and airframes due to its higher strength, corrosion
resistance, lower density, and better thermal stability. Howev-
er, Ti6Al4V is a typical difficult-to-machine material owing to
its lower thermal conductivity and lower elastic modulus.
Meanwhile, it is a high adiabatic shear-sensitive material at
high strain rate conditions such as high-speed cutting [15, 16].
Ti6Al4V is prone to fail in the form of adiabatic shear. The

100 µm

Fig. 6 Microgram of ASB (V=200 m/min, ac=0.12 mm)

Table 2 Shear angles, ASBS, and relative error at different cutting speeds
and uncut chip thicknesses

V (m/min) ac (mm) φ (°) de (μm) dt (μm) δd (%)

50 0.1 35.58 200.94 212.38 5.69

100 0.1 36.68 182.66 170.42 6.70

200 0.02 34.13 56.32 63.11 12.06

200 0.04 35.47 94.32 85.23 9.64

200 0.06 36.96 115.38 102.45 11.21

200 0.08 37.43 138.83 129.87 6.45

200 0.10 38.21 178.17 166.32 6.65

200 0.12 39.34 184.39 172.36 6.52

200 0.14 39.99 194.89 200.58 2.92

200 0.16 40.63 196.53 208.36 6.02

400 0.1 40.69 147.14 137.47 6.57

600 0.1 42.60 114.68 118.98 3.75

800 0.1 44.13 110.65 108.53 1.92

1000 0.1 45.28 106.29 100.74 5.22

1300 0.1 46.24 102.16 97.63 4.43

1800 0.1 46.85 95.97 92.58 3.53

Int J Adv Manuf Technol (2014) 71:1901–1908 1905



chemical composition of Ti6Al4V is shown in Table 1.
The parameters of material properties for Ti6Al4V are
as listed below.

ρ ¼ 4; 420kg=m3; c ¼ 500 J= kg Kð Þ; k ¼ 19 J= m Kð Þ

The basic constitutive equation adopted here is the power
law constitutive equation expressed as the Eq. (20).

τ ¼ μ0γ
nγ̇ mT ð20Þ

And the parameters of the Eq. (20) for Ti6Al4V are listed
below [17].

μ0 ¼ 1:2� 1013Pa; n ¼ 0:15;m ¼ 0:033; ν ¼ −1:7:

The orthogonal cutting experiment was performed on a
vertical machining center DAEWOO ACE-V500. A 90° SN
slot milling cutter (Kennametal, 4.96164-210) was used in the
cutting experiment with coated carbide (KC725M) inserts,
and the type of the carbide inserts is SNHX12L5PZTNGP.

There have been several established shear angle models such
as Merchant’s [18], Lee and Shaffer’s [19], Oxley and Welsh’s
[20], etc. These models have provided the relationship between
the shear angle, rake angle, and friction angle. However, the
friction angle is difficult to measure in the cutting process. The
experimental method is used to obtain shear angles in different
cutting conditions. The workpiece is the 2 mm slice, and the
specific shape is shown in Fig. 3. In order to make chip roots
separate from workpiece more easily, the centerline of slot
milling cutter and dashed line MN are in the same plane. The
setup of orthogonal cutting is shown in Fig. 4.

The chip roots and serrated chips of Ti6Al4Vwith different
cutting speeds and uncut chip thicknesses have been collected
after machining. Through inlay, polishing, corrosion with the

corrodent 5 % of HF, 15 % of HNO3 and 80 % of H2O, the
chip roots and serrated chips are observed with VHX-600
ESO digital microscope. The microgram of the chip root while
the cutting speed of 50 m/min and the uncut chip thickness
0.1 mm is shown in Fig. 5. The ASB observed at the cutting
speed of 50 m/min and the uncut chip thickness 0.12 mm is
shown in Fig. 6.

The shear angles and ASBS at different cutting speeds and
uncut chip thicknesses are listed in Table 2. It can be conclud-
ed from Table 2 that the shear angle increases with cutting
speed and uncut chip thickness. The differentiation of shear
angle with respect to cutting speed and uncut chip thickness
can be approximately expressed as the following:

∂ϕ
∂V

ið Þ ¼ ϕ iþ 1ð Þ−ϕ ið Þ
V iþ1−V i

;
∂ϕ
∂ac

jð Þ ¼ ϕ iþ 1ð Þ−ϕ ið Þ
ac iþ 1ð Þ−ac ið Þ ð21Þ

where ∂ϕ
∂V ið Þ; ∂ϕ∂ac jð Þ represent the differentiation of shear angle

at some specific cutting speed and uncut chip thickness,
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Fig. 7 Derivative of shear angle (V=50–1,800 m/min, ac=0.10 mm)
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Fig. 8 Derivative of shear angle (V=200 m/min, ac=0.02–0.16 mm)
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Fig. 9 ASBS of experiment and theory (V=50–1,800 m/min, ac=
0.10 mm)
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respectively, i=1∼8 and j=1∼7. When i=9 and j=8, it is
assumed as the following:

∂ϕ
∂V

9ð Þ ¼
Xi¼8

i¼1

∂ϕ
∂V

ið Þ=8; ∂ϕ
∂ac

8ð Þ ¼
Xj¼7

j¼1

∂ϕ
∂ac

jð Þ=7 ð22Þ

Substituting the data of Table 2 into Eqs. (21) and (22), the

curves of ∂ϕ
∂V and ∂ϕ

∂ac under different conditions can be shown

in Figs. 7 and 8. It is found that ∂ϕ∂V is in the magnitude of 10−2,
∂ϕ
∂ac in the magnitude of 103 and ∂ϕ

∂V≪
∂ϕ
∂ac . The effect of uncut

chip thickness is much greater than cutting speed.
Submitting Eqs. (12.1∼12.4), (14.1∼14.2), (15.1∼15.4) and

(17.1∼17.4) into (11) and (19), the relationship between the
growth rate α and the wave number q is established. For a
given value of q, Eq. (11) has three roots and the root with
largest positive real number will make the homogenous solu-
tion most unstable.

Figures 9 and 10 give the curves of ASBS measured by the
experiment and computed by the proposed theory. It is found
that the trend of the experimental results and the theoretical

results is consistent. ASBS decreases with cutting speed in-
creasing and increases with uncut chip thickness. This conclu-
sion is consistent with the literature [8], however, the prediction
accuracy of ASBS under the different cutting speeds and uncut
chip thicknesses may be not the same. The relative error δd is
introduced here to represent the error of ASBS between the
experimental and the theoretical value. It can be expressed as
δd=|dt−de|/dewhere dt is the theoretical value of ASBS and de is
the experimental value of ASBS. The values of δd under differ-
ent cutting speeds and uncut chip thicknesses are also shown in
Table 2. It can be found that the value of δd under different
cutting speeds is a little smaller than that under different uncut
chip thicknesses. When V=200 m/min and ac=0.02 mm, the
value of δd gets to the maximum.

The variation of the maximum growth rate αm and the max-
imum wave number qm under different cutting speeds while the
uncut chip thickness is 0.1 mm is shown in Fig. 11. It is shown
that both the maximum growth rate αm and the maximum wave
number qm increases almost linearly with cutting speed and αm
increases. It is also shown that the increase of cutting speed can
promote the formation of ASB. Figure 12 gives the curves of the
maximum growth rate αm and the maximum wave number qm
under different uncut chip thicknesses while the cutting speed is
200 m/min. It is indicated that αm and qm decreases rapidly with
uncut chip thickness increasing. The maximum growth rate αm is
relative to the required time for the formation of ASB which is
called the characteristic time tc. It can be expressed that tc∼1/αm. It
is found that the increase of cutting speed will accelerate the
formation of ASBwhile the increase of uncut chip thickness will
decelerate the formation of ASB.

5 Conclusion

The perturbation method has been proposed to analyze adia-
batic shear instability in high-speed orthogonal cutting. A
closed-form expression for ASBS has been assumed that it is
related to the wavelength of perturbation having the maximum
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Fig. 10 ASBS of experiment and theory (V=200 m/min, ac=0.02–
0.16 mm)
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growth rate. Results calculated from it have compared well with
those obtained by the experiments. It is found that ASBS
decreases with an increase of cutting speed but increases with
uncut chip thickness. The maximum growth rate increases with
cutting speed but decreases with an increase of uncut chip
thickness. Shear angles under different cutting speeds (50–
1,800 m/min) and uncut chip thicknesses (0.02–0.16 mm) dur-
ing machining Ti6Al4V are obtained. It is found that the
shear angle increases both with cutting speed and uncut
chip thickness.
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