
Earthq Sci (2012)25: 65–74 65

doi:10.1007/s11589-012-0832-8

Peeling linear inversion of upper mantle velocity
structure with receiver functions∗

Xuzhang Shen1, and Huilan Zhou2

1 Lanzhou Institute of Seismology, China Earthquake Administration, Lanzhou 730000, China
2 Laboratory of Computational Geodynamics, Graduate University of Chinese Academy of

Sciences, Beijing 100049, China

Abstract A peeling linear inversion method is presented to study the upper mantle (from Moho to 800 km

depth) velocity structures with receiver functions. The influences of the crustal and upper mantle velocity ratio

error on the inversion results are analyzed, and three valid measures are taken for its reduction. This method

is tested with the IASP91 and the PREM models, and the upper mantle structures beneath the stations GTA,

LZH, and AXX in northwestern China are then inverted. The results indicate that this inversion method is

feasible to quantify upper mantle discontinuities, besides the discontinuities between 3hM (hM denotes the depth

of Moho) and 5hM due to the interference of multiples from Moho. Smoothing is used to overcome possible false

discontinuities from the multiples and ensure the stability of the inversion results, but the detailed information

on the depth range between 3hM and 5hM is sacrificed.
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1 Introduction

Inversion of the upper mantle velocity structure

using observed receiver function (ORF) ro(t) is not easy

because the amplitude of the first-transmission seismic

phases and the crustal multiples are much larger than

those of P410s and P660s, and conception about the

upper mantle in ro(t) is not clear. Therefore, the in-

version depth of many previous results only reached

the Moho and the uppermost mantle. Some studies,

however, attempted to extract more information from

the deeper upper mantle. Liu et al. (1997) used a com-

plex spectrum ratio of the receiver functions to invert

the crust and uppermost mantle structures below 10

China Digital Seismograph Network stations down to a

depth of 100 km. Vinnik et al. (2004) inverted the ve-

locity structure down to 150 km depth beneath central

Tianshan using P and S receiver functions. Julià et al.
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(2005) combined the receiver functions with surface

wave to invert the crustal and upper mantle velocity

structure of eastern Africa down to the depth of 300

km. Zhou and Yang (2003) proposed a peeling genetic

algorithm of ro(t) and extended the inversion depth

to 700 km. This method divides the crust and upper

mantle into several parts and inverts their velocities

step by step from the crust to the depth of 700 km,

which presents a new way to study the deep disconti-

nuities in the upper mantle. But the efficiency of this

method is not satisfactory due to the excessive param-

eters used in the inversion. In addition, the results of

deeper structures are distorted for the cases with in-

correct or unstable shallow structures. Although the

genetic algorithm method is very good for searching for

the global optimal solution, it inevitably falls into the

local optimal solution.

Here, the peeling linear inversion method of ro(t)

tries to investigate the upper mantle velocity structure

by fixing the crustal structure from previous results.

The velocity between the Moho and 800 km depth is

inverted by peeling part of ro(t) corresponding to the

crust. A simple initial model is used in the inversion.
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Based on numerical tests, the influence of the error of

the crustal and upper mantle velocity ratio is analyzed,

and it is then reduced by smoothing some special depth

ranges.

The method is tested with two global Earth mod-

els. The ORFs in the stations GTA, LZH, and AXX in

northwestern China are used to invert the upper mantle

structure beneath the stations.

2 Method

2.1 Concept of peeling

The time windows of ro(t) should be set from ini-

tial P arrival to 80 s to study the crustal and up-

per mantle velocity structure. The phase amplitude of

ro(t) in the upper mantle discontinuities is small even

if the P660s amplitude, the strongest phase of the upper

mantle discontinuities, is only one-third of that of the

PMs. Information on the upper mantle discontinuities

in ORFs is very minimal due to the existence of noise,

thus, identifying this weak signal is oftentimes difficult.

The fitting window will concentrate in the 0–20 s range

during inversion when the crustal and the upper mantle

structures are completely inverted. This time window

just contains the information about the crust and up-

permost mantle, so the upper mantle structure cannot

be inverted effectively. The peeling method is a possi-

ble solution for this problem. Based on previous crustal

structure results, the upper mantle structure is inverted

using linear inversion. The steps are as follows:

1) The crustal structure obtained from the receiver

functions and surface wave dispersion curves in many re-

gions can be used to construct initial model of the crust.

During the inversion, the crustal structure is fixed by

adjusting the parameters.

2) The upper mantle structure is generally iden-

tical for different regions compared with crustal struc-

ture, so a common and simple initial model of the upper

mantle is used. rcrust(t), the part of r
o(t) corresponding

to the crust, is nearly invariable because of fixed crust

model, so the upper mantle structure is adjusted to fit

rmantle(t)= ro(t)−rcrust(t), the residual part of ro(t).

2.2 Linear inversion of the upper mantle veloc-

ity structure

2.2.1 Program and parameters

The program package PROGRAMS.330 (Her-

rmann and Ammon, 2002) is adopted to invert the up-

per mantle structures with ro(t). The thickness or the

velocity of each layermi in the inversion can be changed,

and the parameters are adjusted so as to control the

variation of the unknown thickness or velocity at a cer-

tain depth. The detailed information about the param-

eters is presented as following.

The relationship among the vectors of the veloci-

ty model M(m1, m2, · · · , mi), initial model M0, and

residual S between ro(t) and the synthetic receiver func-

tion predicted from the theoretical model can be ex-

pressed as(
D

σΔ

)
M =

(
S

0

)
+

(
DM 0

0

)
, (1)

where D is a matrix containing the partial derivatives

of the waveform with respect to changes in the layer

velocities for model M0, Δ is the roughness matrix

of the model, and σ is a balancing factor between the

variance of the model and fitness of the observed data.

Δ=W 1W 2, where W 1 is a general smoothing matrix,

which minimizes the difference between adjacent values

of the change in mi from the initial model, and is ex-

pressed as

W 1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 −1 0 · · · 0

0 1 −1 · · · 0
...

...
...

...
...

0 0 · · · 1 −1

0 0 0 · · · 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (2)

In this form, W 1 can force a degree of smoothness on

the changes in mi. If W 1=I, there is no smoothness

constraint in the inversion. W 2=diag{χ−1
1 , χ−1

2 , χ−1
3 ,

· · · , χ−1
n } is constructed by weighted factor χi for each

layer, and used to provide a relative weight to the con-

straints. For example, to force a sharp discontinuity at a

given boundary when smoothing constraint is employed,

χ−1
i is made small. To select appropriate values of W 1

andW 2, the value ofmi can be changed sharply at some

depths where discontinuity might exist. The model can

also be smoothed at some depths where no discontinuity

might be presented.

2.2.2 Initial model of the upper mantle

The linear inversion method result depends greatly

on the initial model, so constructing an initial model is

very critical. Two initial models are constructed for the

inversion in our study.

1) The first initial model (Figure 1a). Many studies

have shown that “410” and “660” are global disconti-

nuities, and other discontinuities in the upper mantle

have been detected (Anderson and Bass, 1986; Shearer,

1990; Shearer and Flanagan, 1996) although they are



Earthq Sci (2012)25: 65–74 67

not global. The initial model (from Moho to 800 km)

is obtained from IASP91 model (Kennett and Engdahl,

1991) without first-order discontinuity. The velocity val-

ues around the depths of 410 and 660 km are permitted

to change sharply in order to search for the discontinu-

ities. Details on the initial steps are as follows: firstly,

the entire upper mantle is divided into many thin layers

from Moho to 800 km depth. The thickness of each lay-

er hi is determined according to the resolution of ro(t)

using Gauss filter factor α=1.5, which increases from

3.3 km to 4.8 km with depth. Secondly, the S veloci-

ty model is built using five lines with different slopes.

The depth ranges of the lines are Moho–380 km, 380–

440 km, 440–620 km, 620–700 km, and 700–800 km.

The velocity values of the 380 km, 440 km, 620 km and

700 km depth are referred to the average value of the

IASP91 model. In the two depth ranges of 380–440 km

and 620–700 km, vS can be changed sharply by intro-

ducing a large χi. If the stacking result of the ORFs

shows other discontinuities at some depths, the veloc-

ities can be permitted to change largely around these

depths by controlling the χi value. The model is flat-

tened to calculate the synthetic receiver function in the

inversion because the IASP91 model is spherical. The

final inversion result is still a spherical model.

2) As shown in Figure 2a, the second initial mod-

el is also a one without a first-order discontinuity, but

it contains the previous result from the upper mantle

structure in the study area. In the present paper, the

structure between Moho and 350 km depth is used to

construct the initial model based on the inversion results

of the Raleigh wave dispersion curve combined with the

previous crustal structure.
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Figure 1 (a) Numerical test of the linear inversion

method for the IASP91 model. Thin line stands for IASP91

model, dotted line for initial model, and solid thick line for

inversion model. (b) Receiver functions of the inversion and

IASP91 models.
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Figure 2 (a) Numerical test of the linear inversion

method for the PREM. Gray line stands for PREM, dashed

line for initial model, and black line for inversion model.

(b) Receiver functions of the inversion and PREM models.
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2.2.3 Detailed steps

The linear inversion is carried out according the

following two steps. Firstly, the approximate depth

range in the upper mantle is estimated in reference to

the stacking results of ro(t) after the moveout correc-

tion (Yuan et al., 1997). χi is set to 5.0 in this depth

range, and is fixed to 1.0 in the other depth ranges

in the upper mantle, whereas χi is taken as 0 in the

crust, which ensures that the velocity values are not

changed during the inversion process. A total of 40 iter-

ations are made for the initial model in linear inversion.

Then, the crustal velocity is also iterated in the last 10

times with χi=0.2 in the crust, and χi=1 in the upper

mantle. These values can reduce the effect of deviation

from the crustal structure. Secondly the “410” or “660”

discontinuity in the above inversion result is often a

gradient layer instead of a first-order discontinuity. The

mean value of the depths of the gradient layer is con-

sidered as the depth of the discontinuity. Subsequently,

the depths of the discontinuities are input into initial

models to construct a new initial model. The upper

mantle velocity is inverted based on this initial model.

In the former 40 iterations, vSi and hi are changed, χi

is fixed to 5, and smoothing is not applied. In the 41st

to 50th iterations, only the vSi values in the crust and

upper mantle are considered. The final inversion results

are the crustal and upper mantle velocity model.

2.3 Error analysis

2.3.1 Error in upper mantle velocity

The covariance matrix of the inversion parameters

in equation (1) can be described as follows (Ammon et

al., 1990):

[covM ] = (Δ−1V (Λ2 + σ2I)−1ΛUT)δdδdT·
[Δ−1V (Λ2 + σ2I)−1ΛU T]T, (3)

where δd is the error of d , U and V are ortho-

graphical matrix arising from singular value decom-

position of DΔ−1. DΔ−1=UΛV T. Λ is a diagonal

matrix composed of the positive eigenvalue of matrix

(DΔ−1)(DΔ−1)T.

Assuming that the observed data are indepen-

dent of each other but with the same variance E2,

δdδdT=E2I yields

[covM ] = E2Δ−1V (Λ2 + σ2I )−1·
Λ2(Λ2 + σ2I )−1V T(Δ−1)T. (4)

The velocity covariance matrix can be calculated using

equation (4) if E2 is known in advance. E2 can be es-

timated according to the signal-to-noise ratio (SNR) of

the observed waveforms. The waveforms of the R and

Z components can be expressed as{
R(t) = RS(t) +RN(t)

Z(t) = ZS(t) + ZN(t)
. (5)

The subscripts ‘N’ and ‘S’ represent the noise and sig-

nal, respectively. Then, we have

ro(t) = roS(t) + roN(t). (6)

According to the theory of receiver function R(t)=

Z(t)⊗ ro(t), we can get

RS(t) +RN(t) = [ZS(t) + ZN(t)] ⊗ [roS(t) + roN(t)]. (7)

For the high-SNR records, ZS(t)�ZN(t) or Z(t)≈ZS(t),

thus

RS(t) +RN(t) ≈ ZS(t)⊗ roS(t) + ZS(t)⊗
roN(t) ≈ ZS(t)⊗ roS(t) + Z(t)⊗ roN(t). (8)

And for the non-noise ORFs, RS(t) = ZS(t)⊗roS(t), then

RN(t) = Z(t)⊗ roN(t). (9)

In this paper we cut the waveforms prior 20 s to the

direct P as RN(t), so roN(t) can be obtained by cutting

the waveforms on RN(t) in the time window. The square

of the maximum value of roN(t) is considered as the val-

ue of E2. Then, the velocity error can be calculated by

equation (4).

2.3.2 Error of the depth of discontinuity

The Gauss filter factor α is equal to 1.5 during the

time deconvolution. The resolution of the layer thick-

ness of ro(t) with different α values has been discussed

by Cassidy (1992), in which the thickness resolution for

“410” and “660” were approximately 4.0 and 4.5 km, re-

spectively, for α=1.5. These two values are considered

as the errors of h410 and h660 in this study.

3 Numerical tests of the peeling

linear inversion method

The synthetic receiver functions of the IASP91

model are used to test the method. The steps and pa-

rameters are the same as those mentioned in section 2.2.

As shown in Figure 1, the depths of h410 and h660 in the

inversion model are 410 and 657 km, respectively, and

the mean error of vS is only 0.052 km/s, therefore all

of the parameters are very close to those of the IASP91

model.

The synthetic receiver function of the preliminary
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reference Earth model (PREM) (Dziewonski and An-

derson, 1981) is also used to do the same numerical

test as the IASP91. A strong positive signal is present

around 24 s, which could be the P-to-S phase for one dis-

continuity. Thus, χi=5 is set in the 200–240 km-depth

range to determine the discontinuity in the depth range.

Figure 2 shows the result of the numerical test. Three

discontinuities are found at the depths of 222, 401, and

671 km, respectively, which are close to those of the

PREM (220, 400, and 670 km). The velocity is also con-

sistent with that of the PREM. The mean error of vS is

0.079 km/s.

The results of the above numerical tests indicate

that the peeling linear inversion is feasible, and the ini-

tial model is general. For example, the inversion result

with the initial model based on the IASP91 model is

also viable for the synthetic receiver function of PREM.

Similarly, the inversion results of vS and the depth

of the first-order discontinuity are satisfactory in the

numerical tests. However, no information is available in

the receiver functions for some second-order discontinu-

ities (∼200 km depth in IASP91 and ∼600 km depth

in PREM). Therefore, the method is invalid for second-

order discontinuity due to a large error appearing near

the depth in the second-order discontinuity.

4 Application to the stations GTA,

LZH, and AXX

The linear inversion method mentioned above is

applied in three stations, namely, GTA, AXX, and LZH,

in northwestern China. We selects the teleseismic wave-

forms of the events withMS≥5.5 and epicentral distance

30◦–90◦ from November 2000 to October 2005. The cor-

responding ro(t) is then constructed by deconvolving

the vertical component from the radial component us-

ing an iterative approach (Ligorria and Ammon, 1999).

A distance moveout correction for the P-to-S converted

phases is adopted (Yuan et al., 1997) to give promi-

nence to Pds (P-to-S phase from the discontinuity to

the depth d) phases for all ORFs. Based on the IASP91

model, all the Pds phases are shifted according to the

epicentral distance of 65◦ with a 20 km-depth source,

then the travel times of Pds phases of different epicen-

tral distance are aligned. Figure 3 shows the stacking

results after the moveout correction for the three sta-

tions. We can see the clear phases, P410s and P660s, from

the upper mantle discontinuities in Figure 3.

Figure 3 Stacking of the receiver functions after moveout correction of the station GTA with 156 events

(a), for the station AXX with 140 events (b), and for the station LZH with 118 events (c).

The GTA station is chosen as an example to de-

scribe the data processing and inversion step. The in-

version result beneath the station GTA is shown in Fig-

ure 4. The initial model is constructed based on the

crustal (Ma and Zhou, 2007) and upper mantle models

from the surface wave (Huang et al., 2003). Three ORF-

s with high SNR are selected to invert the crustal and

upper mantle structures with the same step described

in section 2.2. Phases PMs, P410s, and P660s are very

clear, thus the smoothness around 51, 410, and 660 km

is very small, whereas the smoothness is large in the oth-

er depth ranges. The depths of h410 and h660 are 398

and 655 km, respectively. The vS error is 0.023 km/s

estimated by the method in section 2.3.2.

The same method is used to invert the crustal and

upper mantle structures beneath the stations LZH
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(Figure 5) and AXX (Figure 6). Table 1 lists the h410,

h660, vS error, and number of ro(t) for each station. The

possible error from the crust structure will be discussed

in the next section (as shown in Figure 7).
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Figure 4 Result of the upper mantle velocity structure with peeling linear inversion method beneath

the station GTA. The right panel shows three observed (solid lines) and synthetic (dotted lines) receiver

functions. The parameters of the events are also marked. The catalog reference is from U.S. Geological Survey

(http://neic.usgs.gov/neis/epic/epic global.html).
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Figure 5 Result of upper mantle velocity structure with peeling linear inversion method beneath the station AXX.

Table 1 The inversion results of h410, h660, vS error, and number of ro(t) for three stations

Station h410/km h660/km vS error/(km·s−1) Number

GTA 398 655 0.023 3

AXX 416 657 0.105 5

LZH 415 660 0.072 7
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Figure 6 Result of upper mantle velocity structure with peeling linear inversion method beneath the station LZH.
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Figure 7 Numerical tests for the error of the crust velocity without (a, c) or with (b, d) smoothing be-

tween 3hM and 5hM. The disturbances with 4% and 2% noise are added to the IASP91 and PREM models,

respectively. Thick lines denote the true model, and thin lines denote inverted results for different errors.
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5 Discussion and conclusions

Some deviations certainly exist between the real

crustal structures and the reference model. Such devi-

ation may result from the velocity value, Moho depth,

velocity ratio, or all of them. The inversion results are

affected by these deviations. The influences from these

possible deviations are discussed as follows.

1) Influence from the crustal velocity error. Crustal

models with respective errors of ±4% and ±2%, based

on the IASP91 model and PREM, are used to construct

the initial model according to the steps outlined in sec-

tion 2.2.2. The peeling linear method is used to invert

the upper mantle structure (Figure 7a and c). The re-

sults indicate that the depth range with the largest error

in the inverted results is in the range of 120–190 km for

the IASP91 model and 80–150 km for the PREM. Some

false discontinuities exist in this depth range.

2) Influence from the Moho depth error. The error

of the Moho depth hM is approximately 1–2 km from

the receiver function and the surface wave. Based on

the above information, the hM error model is construct-

ed. hM changes by values of ±2 and ±1 km based on

the IASP91 model and PREM, respectively. The peel-

ing linear method is used to invert the upper mantle

structure (Figure 8a and c). The depth ranges with the

largest error in the inverted results are still 120–190 km

for the IASP91 model and 80–150 km for the PREM,

respectively.

The depth ranges with the largest error are the

same for the above two types of error models because

the arrival of the multiples in the ro(t) from the Mo-

ho for the error models deviates from the IASP91 and

PREM models. The multiples can be explained by the

direct conversion phases from deeper discontinuities;

thus, false discontinuities exist in the inverted results
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Figure 8 Numerical tests for the error of the Moho depth without (a, c) or with (b, d) smoothing

between 3hM and 5hM. Disturbances with 2 and 1 km are added to the Moho depth for the IASP91

and PREM models, respectively. Thick lines denote the true model, and thin lines denote inverted

results for different errors.
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in the depth range of 120–190 km for the IASP91 model

and 80–150 km for the PREM.

3) Countermeasures to decrease the influences from

the crust error. The errors of the crustal model have in-

fluence on the inversion results in some depth ranges

based on the above numerical tests. The depth range

with the largest error is 3hM–5hM in the inversion mod-

el. To ensure stability and reliability at this depth range,

the previous results are used to construct the initial

model. Another valid method is the velocity smoothness

(χi=0.25) in the depth range of 3hM–5hM. Figures 7b,

d and 8b, d show the inversion results with smoothness

for the numerical tests mentioned above. The velocity

errors become smaller with smoothness. The false dis-

continuities in the 3hM–5hM depth range also disappear.

The detailed velocity structures in this depth range are

also smoothed, and the real discontinuities in this depth

range cannot be inverted.

4) Influence from the error of vP/vS ratio in the

upper mantle. The vP/vS ratio was fixed in the above

method in reference to the IASP91 model. Anyway, the

velocity ratio is generally different for IASP91 and the

real-Earth models. Zhu and Kanamori (2000) indicated

that the estimation of the Moho depth is affected by

vP/vS ratio. The depths of the upper mantle disconti-

nuities are also influenced by the value of vP/vS ratio.

Figure 9 shows the ratio in the upper mantle beneath

the three stations (GTA, AXX, and LZH) from the vP
and vS tomography (Qu et al., 2007). The vP/vS ratio

from the tomography is close to the IASP91 model with

a mean error about −0.01. Therefore, vP/vS ratio of the

IASP91 model can be used to invert the upper mantle

structures for the three stations.

To sum up, in the present paper, the upper mantle

structures beneath the three stations (GTA, AXX, and

LZH) in northwestern China were inverted using the

peeling linear inversion method, which was tested by us-

ing the IASP91 and PREMmodels. Based on the crustal

model and prior information from ORFs, the weighted

factor χi and smoothness matrix Δ were combined to

peel the shallow structure from the Earth model, and

the discontinuities were highlighted by suppressing the

possible false discontinuities in some depth ranges.

However, the details of the velocity structure in

the depth range between 3hM and 5hM were lost in the

inverted results because of the smoothness. The veloc-

ity value was not fixed but varied in a narrow range

for χi=0.25. The initial model refers to the surface to-

mography in this region, thus the inverted model is

reasonable.
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Figure 9 vP/vS ratio from the tomography with P

and S phases beneath the three stations. The value of

IASP91 is also plotted.

In addition, the inverted result is sensitive to the

vP/vS ratio. The tomography from the P and S phas-

es shows that the difference between the IASP91 and

the Earth models beneath the three stations in the

present study is very small. The average difference is

just −0.012 8. Such difference induces a small error in

the result, implying the local model should be used to

construct the initial model to reduce the error of the

inversion result.
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