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UþÚÍÜ~ê

E → −η

ξ → −E

�I

r → ρ(A+3)/2

θ → A + 3
2 φ

Ù¥E´U (r)XÚ�Uþ¶E´V (ρ)XÚ�Uþ"

��
��³�)§éó³�)�±��déóC���"

U9�ÆnÆ�ÔnX �Î� Úîéó 4 / 53



, , , ,

²; õ�ª þf N� þfõ�ª �� Coulomb éó8 Ð"

²;Úîéóµ2Âõ�ª³

·��ó�

ò�g³�²;Úîéó

í2�

2Âõ�ª³�²;Úîéó

U9�ÆnÆ�ÔnX �Î� Úîéó 5 / 53



, , , ,

²; õ�ª þf N� þfõ�ª �� Coulomb éó8 Ð"

2Âõ�ª³

2Âõ�ª³µ

U (r) = Ara + Brb + · · ·+ Crc

�g�?¿¢ê£���K§Ø7L´�ê¤

U9�ÆnÆ�ÔnX �Î� Úîéó 6 / 53



, , , ,

²; õ�ª þf N� þfõ�ª �� Coulomb éó8 Ð"

2Âõ�ª³�Úîéó

ü�2Âõ�ª³

U (r) = ξra+1 +
∑

n
µnrbn+1

V (ρ) = ηρA+1 +
∑

n
λnρ

Bn+1

e�g÷v

a + 3
2 = 2

A + 3√
2

a + 3 (bn + 3) =
√

2
A + 3 (Bn + 3)
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þfÚîéó

ü��g³

U (r) = ξra+1

V (ρ) = ηρA+1

e÷v
a + 3

2 = 2
A + 3

K3Schrödinger�§¿Âe�´éó³"
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éóC�µ���ÚÍÜ~ê

þfåÆ¥§���ÚÍÜ~ê÷véó'X

E → −η
( 2

A + 3

)2

ξ → −E
( 2

A + 3

)2

Ù¥E´U (r)XÚ�Uþ¶E´V (ρ)XÚ�Uþ"

�Äþ÷véó'X

l + 1
2 →

2
A + 3

(
`+ 1

2

)
Ù¥l´U (r)XÚ��Äþ¶`´V (ρ)XÚ��Äþ"
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éóC�µÅ¼ê

�I�éó'X

r → ρ(A+3)/2

Ù¥r´U (r)XÚ��I§ρ´V (ρ)XÚ��I"

Å¼ê�éó'X

u (r)→ ρ(A+1)/4v (ρ)

Ù¥u (r)´U (r)XÚ�Å¼ê¶v (ρ)´V (ρ)XÚ�Å¼ê"
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éóC�µ���

éó³�©á�åP�UÌ���m�C�'Xµ

eU (r) = ξra+1�����

E = f (nr , l, ξ)

Ù¥nr´»�þfê§Kéó³V (ρ) = ηρA+1�����

E = −
(A + 3

2

)2
f−1

(
nr ,

2
A + 3

(
`+ 1

2

)
− 1

2 ,−
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A + 3

)2
η

)

Ù¥f−1L«f��¼ê"
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ØÓ��m¥��g³

U (r) = ξra+1, n-�

V (ρ) = ηρA+1, m-�

e÷v
a + 3

2 = 2
A + 3
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éóC�

���ÚÍÜ~ê�éó'X´

E → −η
( 2

A + 3

)2

ξ → −E
( 2

A + 3

)2

�Äþ�éó'X

l + n
2 − 1 = 2

A + 3

(
`+ m

2 − 1
)

�IÚÅ¼ê�éó'X

r → ρ(A+3)/2

u (r)→ ρ(A+1)/4v (ρ)
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����C�

en��m¥�³U (r) = ξra+1�����

E = f (nr , l, ξ,n)

Ù¥nr´»�þfê"

§�éó³§m��m¥�éó³V (ρ) = ηρA+1�����

E = − 4
(a + 3)2 f−1

(
nr ,

2
A + 3

(
`+ m

2 − 1
)

+ 1 + n
2 ,−

(a + 3)2

4 η,m
)

Ù¥f−1´f��¼ê"
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U (r) = ξra+1 +
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n
µnrbn+1

V (ρ) = ηρA+1 +
∑

n
λnρ

Bn+1

e÷v

a + 3
2 = 2

A + 3√
2

a + 3 (bn + 3) =
√

2
A + 3 (Bn + 3)

Kp�éó³"
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E → −η
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ξ → −E
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µn →
( 2

A + 3

)2
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�Äþ�éó'X l + 1
2 →

2
A + 3
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`+ 1

2
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����C�

³U (r) = ξra+1 +
∑

n µnrbn+1�����

E = f (nr , l, ξ, µn)

Ù¥nr´»�þfê"

Kéó³V (ρ) = ηρA+1 +
∑

n λnρ
Bn+1�����

E = −
(

A + 3
2

)2
f−1

(
nr ,

2
A + 3

(
`+ 1

2

)
− 1

2 ,−η
(

2
A + 3

)2
,

(
2

A + 3

)2
λn
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Ù¥f−1´f��¼ê"
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éó8µN + 1�p�éó�N�õ�ª³

N + 1�N�2Âõ�ª³

{V1 (r) , · · · ,VP (r) , · · · ,VQ (r) , · · · ,VN+1 (r)}

p�éó³§@o?¿À�Ù¥ü�³

VP (r) = A1rα1+1 + · · ·+ Airαi+1 + · · ·+ AN rαN +1

VQ (r) = B1rβ1+1 + · · ·+ Bjrβj+1 + · · ·+ BN rβN +1

÷v

αi + 3
2 = 2

βj + 3 , i, j = 1, · · · ,N√
2

αi + 3 (αm + 3) =
√

2
βj + 3 (βn + 3) , m,n 6= i, j

Ù¥P,Q = 1, · · · ,N + 1 ±9m,n = 1, · · · ,N .
U9�ÆnÆ�ÔnX �Î� Úîéó 22 / 53



, , , ,

²; õ�ª þf N� þfõ�ª �� Coulomb éó8 Ð"

N + 1�p�éó�N�õ�ª³�éó

ü�N�õ�ª³�éó'X

EP → −Bj

( 2
βj + 3

)2

Ai → −EQ

( 2
βj + 3

)2

Am → Bn

( 2
βj + 3

)2

�Äþ�éó'X lP + 1
2 = 2

βj + 3

(
lQ + 1

2

)
�I�éó'X rP → r (βj+3)/2

Q

Å¼ê�éó'X uP (rP)→ r (βj+1)/4
Q uQ (rQ)

U9�ÆnÆ�ÔnX �Î� Úîéó 23 / 53



, , , ,

²; õ�ª þf N� þfõ�ª �� Coulomb éó8 Ð"

~µ3�ü�õ�ª³�éó

V1 (r) = A1rα1+1 + B1rβ1+1

V2 (r) = A2rα2+1 + B2rβ2+1

V3 (r) = A3rα3+1 + B3rβ3+1

p�éó§§���g÷véó'X

α1 + 3
2 = 2

α2 + 3 ,
β1 + 3

2 = 2
β3 + 3 ,

β2 + 3
2 = 2

α3 + 3√
2

α1 + 3 (β1 + 3) =
√

2
α2 + 3 (β2 + 3)√

2
β1 + 3 (α1 + 3) =

√
2

β3 + 3 (α3 + 3)√
2

β2 + 3 (α2 + 3) =
√

2
α3 + 3 (β3 + 3)
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~µ3�ü�õ�ª³�éó

���ÚÍÜ~ê�éó'X

E1 = −A2

( 2
α2 + 3

)2
, A1 = −E2

( 2
α2 + 3

)2
, B1 = B2

( 2
α2 + 3

)2

E1 = −B3

( 2
β3 + 3

)2
, B1 = −E3

( 2
β3 + 3

)2
, A1 = A3

( 2
β3 + 3

)2

E2 = −A3

( 2
α3 + 3

)2
, B2 = −E3

( 2
α3 + 3

)2
, A2 = B3

( 2
α3 + 3

)2

�Äþ�éó'X

l1 + 1
2 = 2

α2 + 3

(
l2 + 1

2

)
l1 + 1

2 = 2
β3 + 3

(
l3 + 1

2

)
l2 + 1

2 = 2
α3 + 3

(
l3 + 1

2

)
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~µ3�ü�õ�ª³�éó

�I�éó'X

r1 → r
α2+3

2
2

r1 → r
β3+3

2
3

r2 → r
α3+3

2
3

Å¼ê�éó'X

u1 (r1)→ r (α2+1)/4
2 u2 (r2)

u1 (r1)→ r (β3+1)/4
3 u2 (r3)

u2 (r2)→ r (α3+1)/4
3 u3 (r3)
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ü�Ñ´Úîéó³�õ�ª³

�«AÏ��¹:

U (r) = ξra+1 + µr2
(√

a+3
2 −1

)
V (ρ) = ηρA+1 + µ

(A + 3
2

)2
ρ

2
(√

A+3
2 −1

)
p�éó"Ù¥

a + 3
2 = 2

A + 3
K

ξra+1 ÚηρA+1

µr2
(√

a+3
2 −1

)
Úµ

(A + 3
2

)2
ρ

2
(√

A+3
2 −1

)
©O´Úîéó"
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��¼êéó³

��¼ê³

U (r) = ξeσr

Ú

V (ρ) = η

(ρ lnαρ)2

p�éó"

U9�ÆnÆ�ÔnX �Î� Úîéó 28 / 53



, , , ,

²; õ�ª þf N� þfõ�ª �� Coulomb éó8 Ð"

��¼êéó³

���!ÍÜ~êÚ�Äþ�éó'X

E → −
(
σ

2

)2 [
` (`+ 1) + 1

4

]
ξ → −

(
σ

2

)2 E
α2

l (l + 1)→ η

½ö�d�¤

E → −
( 2
σ

)2
α2ξ

η → l (l + 1)

` (`+ 1)→ −
( 2
σ

)2
E − 1

4

�I�éó'X r → 2
σ

lnαρ

Å¼ê�éó'X u (r)→ ρ−1/2v (ρ)
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��f³ÚCoulomb³�éó

��f³U (r) = ξr2ÚCoulomb³V (ρ) = η
ρ§éAua = 1ÚA = −2§

÷véó³�'X
a + 3

2 = 2
A + 3

UþÚÍÜ~ê�éó'X

E → −4η

ξ → −4E

�Äþéó'X l + 1
2 → 2

(
`+ 1

2

)
�I�éó'X r → ρ1/2

Å¼ê�éó'X u (r)→ ρ−1/4v (ρ)
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d��f�)��Coulomb³�)

��f�Å¼ê

ul (r) = Ale−
√

ξr2
2 ξ(l+1)/4r l+1

1F1

( l
2 + 3

4 −
E

4
√
ξ
,
3
2 + l,

√
ξr2
)

���

E = 2
√
ξ

(
2nr + l + 3

2

)
, nr = 0, 1, 2, . . .

déóC�§�±��Coulomb³�Å¼ê

v (ρ) = A`e−
√
−Eρ

(
2
√
−E
)`+1

ρ`+1

× 1F1

(
`+ 1 + η

2
√
−E

, 2 (`+ 1) , 2
√
−Eρ

)
Ú���

E = −η
2

4
1

(nr + `+ 1)2 , nr = 0, 1, 2, . . .
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éó8µ~f

ü���g³£αr2/3,
α√
r¤, £αr6,

α

r3/2¤, £βeαr ,
β

(r lnαr)2¤

ü��g³

£ξr2 + µ

r ,
ξ

r + µ

r3/2 , ξr
6 + µr2¤, £ξr2 + µr , ξr + µ√

r ,
ξ

r2/3 + µr2/3¤

£
ξ√
r + µ

r3/2 , ξr
2/3 + µ

r4/3 , ξr
6 + µr4¤,

n���g³

£ξr2+µ

r +κr , ξr + µ

r3/2 + κ

r1/2 , ξr
2+µr6+κr4,

ξ

r2/3 +µr2/3+ κ

r4/3¤
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éó8£αr2/3,
α√
r¤

V (r) = α√
r

�Ò�'³V (r) = α√
r �Å¼ê

u (r) = Al exp
(
−
√
−Er + α√

−E
√

r
)[

2 (−E)1/2 r
]l+1

×N
(

4l + 2,−
√

2α
(−E)3/4 ,

α2

2 (−E)3/2 , 0,
√

2 (−E)1/2 r
)

Ù¥N (α, β, γ, δ, z)´VÜ6Heun¼ê"
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éó8£αr2/3,
α√
r¤

V (r) = α√
r

�Ò�'³V (r) = α√
r
�åP�����ÛªL«ª

K2

(
4l + 2,−

√
2α

(−E)3/4 ,
α2

2 (−E)3/2 , 0
)

= 0

Ù¥

K2 (α, β, γ, δ) = Γ (1 + α)
Γ ((α− γ) /2) Γ (1 + (α+ γ) /2)

× J1+(α+γ)/2

(
α+ γ

2 , β,
3
2α−

1
2γ, δ −

α− γ
2 β

)

±9 Jλ (α, β, γ, δ) =
∫ ∞

0
xλ−1e−βx−x2

N (α, β, γ, δ, x) dx
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éó8£αr2/3,
α√
r¤

V (r) = αr2/3

V (r) = αr2/3�Å¼ê

ul (r) = Al exp
(
−3

4α
1/2r4/3 + 3E

4α1/2 r2/3
)(√6

2 α1/4

)3(l+1)/2

× r l+1N
(

3l + 3
2 ,−

√
6E

2α3/4 ,
3E2

8α3/2 , 0,
√

6
2 α1/4r2/3

)

åP�����ÛªL«ª

K2

(
3l + 3

2 ,−
√

6E
2α3/4 ,

3E2

8α3/2 , 0
)

= 0
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éó8£αr6,
α

r3/2¤

V (r) = α

r3/2

V (r) = α

r3/2�Å¼ê

u (r) = Ale−
√
−Err l+1N

(
4l + 2, 0, 0,− 4

√
2α

(−E)1/4 ,

√
2 (−E)1/2 r

)

åP�����ÛªL«ª

K2

(
2 (2l + 1) , 0, 0,− 4

√
2α

(−E)1/4

)
= 0
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éó8£αr6,
α

r3/2¤

V (r) = αr6

V (r) = αr6�Å¼ê

ul (r) = Al

(
α1/2

2

)(l+1)/4

exp
(
−1

4α
1/2r4

)
r l+1

×N
(

l + 1
2 , 0, 0,

E√
2α1/4

,
1√
2
α1/4r2

)
åP�����ÛªL«ª

K2

(
l + 1

2 , 0, 0,
E√

2α1/4

)
= 0
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éó8£ξr2 + µ

r ,
ξ

r + µ

r3/2 , ξr
6 + µr2¤

V (r) = ξr2 + µ

r

V (r) = ξr2 + µ

r�Å¼ê

ul (r) = Al exp
(
ξ1/2r2

2

)
r l+1N

(
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