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gê �e �r

1 0.5 0.5

2 0.25 0.75

3 0.125 0.875

4 0.0625 0.9375

5 0.03125 0.96875

6 0.015625 0.984375

7 0.0078125 0.9921875
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1 0.9 0.1

2 0.81 0.19

3 0.729 0.271

4 0.6561 0.3439

5 0.59049 0.40951

6 0.531441 0.468559

7 0.4782969 0.5217031

8 0.43046721 0.56953279
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17 0.166771817 0.833228183
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22 0.0984770902 0.9015229098
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1 0.1 0.9

2 0.01 0.99

3 0.001 0.999

4 0.0001 0.9999

5 0.00001 0.99999
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1.4√
2
≥ 1.4

1.5
= 0.9333

1.41√
2
≥ 1.41

1.42
= 0.993

1.414√
2
≥ 1.414

1.415
= 0.9993

· · ·

=m>ØäV9§ÃØ�Võ�9§Ñ�±��.

��>�u1§dd���é�ýéýn�5�
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( √
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( √
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êâ¢�

ØvCq 1.4 1.41 1.414 1.4142

'~ 0.98 0.99405 0.999698 0.99998082

L�Cq 1.5 1.42 1.415 1.4143

'~ 0.889 0.9919 0.9988887 0.99987777

=Cq��²��5��Cu2.

ùpÑy�éýnkØv�L�ü«Cq(�

é¡),Ø�½Ñ©Ù3©fþ,ÿ2
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�
5�z½Ú�,8�[��±'~≤ 1,
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√
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√

2

�Øv½L�Cq).

Q,12ù(¡µ�±�UL«¤?ê§a

qk

��µò
√
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wÛÜ�'§���
l�
§±9�N�'§���\

�l�

:'~�5��Cu1§=

���
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= 0.999 · · · ���\
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= 0.999 · · ·
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dd½Â½�3

Ã�^����\ =�l� (2.7)

£�.Ã� �¤. ù«Ï^½Â�`²�3.�

l��´��ê,`ØÑ�ª�½ý�.

2. ¦¡È|^þeÚ
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eÚ

¡È
= 0.9̇ ½

¡È

þÚ
= 0.9̇

ùpb�eÚ�þÚ�3,�´¦.dd½Â½�

3

¡È =Ã���eÚ½þÚ (2.8)

£�©�Ã�\�¤.>¡È´��ê,�
√

2§

��±þÚ

1 ≥ eÚ
¡È

≥ eÚ
þÚ

= 0.9̇

l`ÑeÚ��ª�½ý���õ�.
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Ï^��A�µUú��£�kCq�¤§ØU

ä��£`ØÑ�ª�¤.

¤±§±�§16ù§·�qòþãÏ^½

Â§(2.7) �����\,½(2.8)�eÚ,ø���§

éA�úª(1.2)��©�\§����ì·�

p§=�^��ã��.¤±qdÃ�^£�©¤

£��^£�p¤.

±þ=z�,k:
QE�§´ýE§%{

'k�µ���ª�½ý�§u)âC.
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o(µ�5�È©�X���Üãr.UÅ�

³351²F�61997-06-2795<¬F�6

1997-08-06,d¦äp��éu:

ã)�È©µd¦äp�¦ìp
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±�£1999-01¤q�¤Ö.

Üµ¥5Ø^4���È©6(2012)ã16-2: �+�.

5:3	<w5,11ù¦pk:â,½
QE

�§ØX¦l��Ü�n?
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£A:¦p1�¾�wk:E�,�e\S.


¦l�,2ªÑ¦pù�Ú,Bkâ��,�´U

Þ�ò½Î�#§ìC�âC.

eÆÏÏ): <�ýÿ.e�[�r�\{,�


�c�Ø
O,�U�È©,��<sA©¨,Ò

�±�Ñ�O.ù�´vk��L�,ÄÙ�Ï:´

ÄÃ�(X13·)�¬'k�(X1·)�Ð�º�

Ø?
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13ù ¦pÖ¿

11ùb�µì·üNþ,. ù�´12ù�

����u�£½�Ô�¤�/. ù�,

�© ≤�p§áuØvCq.

�ù=����.eØ´üN§�U��

�© ≥�p£=L�Cq¤.

d�k��Ö¿§�½½d5Kµú

ª(1.1)¥'~7L6�� �p
�©
§ �p
�©�\

§±B

j±'~§âk 0.9̇ .
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äN5`§�.�5��§ØäO�'~
�©
�p
§e'~ ≤ 1§KUYe�ÚO�¶e

'~ > 1§KO� �p
�©
§,�ò. �§?1e

�ÚO�.ù�¤k'~Ú�� ≤ 1§�

�éýn

ýéýn
= 0.999 · · ·

�¤��.
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ù�Üå5§��k:'~→ 1§ÒUÚ�

8(�:'~ = 0.9̇§�´úª(1.1)�'~�U6

�� �p
�©
§ �p
�©�\

.

Éúª(1.4) éu§�ATk(1.1) �

�ª⇒mª

::
�©

�p
(½
�p

�©
) = 0.999 · · · ⇒

�©�\

�p
(½

�p

�©�\
) = 0.999 · · · (3.1)

½Üå5
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�©

�p
½��→ 1⇒ �©�\

�p
→ 1 (3.2)

Ì�No��ù�:§y²Ø´¯K.����

�,vkyØ�.�18ù.

dúª(3.1)½(3.2),�.Ã� �,½Â

Ã���©�\

�p
(½

�p

Ã���©�\
) = 0.9̇
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½

�©�È© =�p (3.3)

��k���Y.ù��½Â§Ø=`²�3§v

k���µ�±�¹k�ª�½ý�.

UÅ�³µ�5È©Ò´����©�\§

½�p.úª(3.3)�¿�X�©�È©£�g�§

½È©´�©�_$�.

�d§�^�x{.�5�È©��±�¤¬

m`Ö,±cvk��Ljº

�+ (linq@lsec.cc.ac.cn) �È© 58 / 98



12�(�È�) �È©£ÿìp¤No�

±þ´�È©No�±9No`,e¡=�N

o�.

k
x{,2a�ÎÒ,�´��È½�ò,Ð

�²¥PM,3���§�´�
�ïö�O�.

ù�VÒ´Halmos��Æ{:â`¦311ù

Ò�Ñ�õ���,4Æ)gC}ï,Ï"�ò.
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14ù(��) ���Úµg��È¤ÎÒ

3P�9�e,ò��È¤¼ê f(x) (½Â

3«m [a, b] ), úª(1.3)¥���Ç�È¤ f ′(x)

�ê,�©�È¤ f ′(x)∆x£�uúª¤,K(1.3)

�È¤
f ′(x)

f(x+∆x)−f(x)
∆x

=
f ′(x)∆x

f(x+ ∆x)− f(x)
= 0.999 · · ·

Ã���©�\K�È¤�©�È©,
∫ b
a f
′(x)dx ,

��, #½Â(1.2)�È¤Ä�úª∫ b

a

f ′(x)dx = f(b)− f(a) (4.1)
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�;�
?@Ò�ò:

ùØ´����!Àýd¢�Úî-4ÙZ[úª

íºvkr�½Üó~�jº

UÅ�³µÄ�úª(4.1)  ��z��

ã,Ò´��úª.�5Ä�úª£½�©�§¤

d��úª£½²¡n�¤©�¤.¤±k��

Ö§Ò�5�©�§�²¡n�6(2005).
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¡È�Ï^½Â(2.8)�È(½�ò)¤È©∫ b

a

f(x)dx (4.2)

6��k�35.

l��Ï^½Â(2.7),�È(½�ò)¤È©∫ b

a

√
1 + (f ′(x))2dx (4.3)

6��k�35.
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UÅ�³µl�úª(4.3)§ ��z��

ã,Ò´��úª.�5l�d��úª©�¤.

ýEµeúª(4.2)(4.3)¥�È¼êU�¤�

ê/ª,�â#½Â(4.1), ¯�å
âCµ¡È½

l�ø���§C¤,�¼ê�p. Ø=`²�

3���.

5¿:k
'�ÎÒ,�Ç½�ê, f ′(x) ,â)

û
¦pã¥�©XÛ¦�(¾;k
'��

ª(4-1),È©Ø=�3���.

�d,�ÆÏ�È©(Ò´�½n,(4.1)) Æ�


!
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15ù(bÏ��) �ê�È©�O�

1.�È©��ÖU ε− δ��{?n4�§�Ö�
�� 0.9̇§�/���%§��í�.

��µÁò 0.9̇�È¤ ε− δ§=üöpÏ.

2.éu�È©^r§Ø
7Lt²x�©½�ê¤

�È©�Vg�½Â§�7L¬O�Ð�¼ê�

�ê�È©.

�âÄ�úª(4.1)§¦È©q8(�¦�

ê.8�(.§Ò´O�Ð�¼ê��ê.
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¦�êk {µ�O�¤kÐ�¼ê��

ê§��O�4�êA�Ð�¼ê��ê§§�

´

f(x) = xn(�n��ê),
√
x(x > 0), sinx,

1

x

��1:¦x2��ê§(x2)′ = 2x.

J«µ���Ç= �p
.

= (x+h)2−x2
h = 2x+ h

� �ê
���Ç

= 1− h
2x+h = 0.999 . . . ,�x > 0.

��2µ¦sinx��ê. k¦(sinx)′(0) = 1.

J«µ���Ç= sinh−sin 0
h = 1− h−sinh

h

±9h−sinh
h < |h|§����Ç

�ê
= 0.999 . . ..
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2¦�x 6= 0�, (sinx)′ = cosx.O�A��

�, �´�

sin(x+h)−sinx

h = cosx− cosxh−sinh
h − sinx1−cosh

h
���Ç
�ê

= 1− h−sinh
h −tanx · 1−cosh

h = 0.999 . . ..

��3µ¦�ê(1
x)′ = − 1

x2 ,�x 6= 0.

��4µ¦�ê(
√
x)′ = 1

2
√
x
, �x > 0.

��5µ¦��u¼ê��ê

(arcsinx)′ =
1√

1− x2
(5.1)
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1

2
(arcsinx+ x

√
1− x2)′ =

√
1− x2 (5.2)

£ùpy = arcsinx ��Ø^�Ý�^lÝL«¤

��6:ÙG¦�$�{

K,(f + g)′ =?,(f · g)′ =?

(fg )′ =?, ±9EÜ¼ê¦�{K,[f(g(x))]′ =?

u´,d�êA�Ð�¼ê��ê,�Ñ¤k

Ð�¼ê��ê. Ø º

È©�?¸��. �õÐ�¼êØU�¤,
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�Ð�¼ê��ê§¤±�U��*�¦È©�

��,��¡?3ÒK�¥.

��7:ÙG¦È©{K:©ÜÈ©±9��{

K.

êÆ[U�'É

�Æ��ò�ê¦":��¦4��Ê·�

{.uÛ��Üµ¥ØÑ§Q^¥ÆAÏE|£Ø

^�ê¤]Ô�Æ�{£^�ê¤.(Øµ�Æ�

�4�K8§�±^¥ÆE|)Ñ©��Æ�{

kÊ·5§ÃI¥ÆE|©=¦¥Æ)§�U�

^�Æ�{.
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��<�ØN´.\�±E��é�é�é%

�Ð�¼ê§¦Ñ�ê.,�òcöõå5§¯�

ö�È©´�o.

j±�eµòÄ�úª£4-1¤ºY¦^,þ

C(J,�Ñ�VÐmª

f(x) = f(0)+f ′(0)x+
1

2!
f ′′(0)x2 +

1

3!
f ′′′(0)x3 + · · ·

ùpÃ���\k:�
§§AXÛ½Âº
E�úª(2.3), =���0.9̇: '~

���©�\

�p
=
f ′(0)x+ 1

2!f
′′(0)x2 + 1

3!f
′′′(0)x3 + · · ·

f(x)− f(0)
= 0.999 · · ·
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�X�êO\§3ØäV9: ÃØVõ�9§Ñ�

±��§P 0.9̇ , lJ�1©u´©fC¤©1©

�´§�â13ù��½½d5K§XJ

©f >©1§K�6�©f©1§±�±'~

�u1.

2���

��8µ¦���¼ê�Ðmª

arctanx = x− x
3

3
+
x5

5
− x

7

7
+ · · · , (|x| ≤ 1) (5.3)

J«µd�?ê
1

1 + x2
= 1− x2 + x4 − · · · íÑ.

- x = 1 , =�.

arctan 1 = 1− 1

3
+

1

5
− 1

7
+ · · ·

= 2(
1

3
+

1

5× 7
+

1

9× 11
+ · · · )(5.4)

(�Üµ¥ÖP315)½'~

2(1
3 + 1

5×7 + 1
9×11 + · · · )

arctan 1
= 0.999 · · ·
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¥�

�Vúª§X(5.3)§´�È©�¥�.�

�oº¥Æ�®²���
Ð�¼ê���5

�§�ØQ£�N�O�§�.X8§ÏLú

ª(5.3)�Jø
�Y.ù�A^¥�õêO�¯K

m8
�´§¤±´¥�.
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16ù Ì�:)m�±���

'É

·��U<Ó�¬Á7�,ú¯kÄ:�K

8§X±�½¡È,5é'#Îü«½Â, w�K

XÛ?

Ï^½Â§úª(2.7)(2.8),�´L§§Ø�¹

ký�,}e
5.@o,=�#½Â§(4.1)§BU

�¹ký�ºùâ´é#½Â���.

JK1:é�{��(Á7�)¦±�, òÏ^½

Â(2.5)§½(4.3)§=C¤#½Â(4.1).
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J«:ü �31���SL«�K�âÏ^

½Â§½(4.3), 1���S±�½Â¤È©∫ 1

0

√
1 + (f ′(x))2dx =

∫ 1

0

√
1 +

x2

1− x2
dx

=

∫ 1

0

1√
1− x2

dx

2|^��(5.1)§òm>=z��©∫ 1

0

(arcsinx)′dx = arcsinx|10 = arcsin 1 (6.1)
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(J,1���S±�=C¤��u¼ê,arcsinx,

3«m(0, 1)�p.�Ð´�²��lÝ�µ�%

�= ü �l�.

£�úª(2.1)§ªu²x
µ�±�XÛÏ

L����úª(4.3)§=z���u¼ê��©

�ìp,(6.1).
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ù´ýE§dã/wØÑ. AÛØ´�U.

5µc[`,úª(6.1)�È©þ�A

´1− ε(ε > 0), u´È©��arcsin(1− ε). 2
4ε→ 0, �arcsin 1.

�B�´§dü �LÞ��»r,��ÏL

C�,x = rt.
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��
È©

�»
= arcsin 1

£=lÝ�:�%� = l�
�»
¤.¤±

�±�

2× �»
= 2 arcsin 1

¯K8¥�: ù��p,arcsin 1, ´���o

ê?

|^arcsin 1 = 2 arctan 1±9Ðmª(5.4),�

ªòpL«¤úª

arcsin 1 = 4(
1

3
+

1

5× 7
+

1

9× 11
+ · · · ) (6.2)

ù�§���n�¼ê�Ðmª§Ò)m


�±���.L§�^\~$�§Ø^n�O�½

m�.¯�õ�.
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o(:#½Â(4.1)+�VÐª£(4.1)�þC¤

��úª(2.1)

�±�

2×�»
= 2 arcsin 1 = 8(

1

3
+

1

5× 7
+

1

9× 11
+· · · )

`Ñ
ý�.

k<¬¯:��ê,����A Ò
^
,Û

£J¦ý�? �<aJ¦ýn½ýõ{§Ø=÷

vu¢SI�,��t²xý��.´�o.ù�

´»Y��".
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ë£�A

JK2:¦�¡È,òÏ^½Â(2.8),½(4.2),=

C¤#½Â(4.1).

J«:ü �3þ�²¡L«�

f(x) =
√

1− x2 ,K�â½Â(2.8),þ�²¡�¡

È½Â¤È©∫ 1

−1

f(x)dx =

∫ 1

−1

√
1− x2dx

=

∫ 1

−1

1

2
(arcsinx+ x

√
1− x2)′dx

= arcsin 1
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ùp|^
��(5-2).
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�B�´§k

��: ���»=r,-x = rt,K

�¡È

�»
2 = 2 arcsin 1

ë£�A

JK3(��):

ý�¡È

�¶×á¶
= 2 arcsin 1.
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o(:ÃØ=��JK,�±�,�¡È½ý�

¡È,ÑÚ����u��p

arcsin 1´���oê?

êÆõo �.

�´µÚà/,�üä.

o�,'É(J,#½ÂÔ�
Ï^½Â.ù´

<aZc53J¦�ýn��´þ,���'�?

Ú.

Ø
N�,O�1�,©Æ²â,�k�'5º

lO��Ý,�´�Ò¼ê,�Ô�´õ�

ª,�{ü.
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��:¦�Ô�y = x2,3«m(0,1)�¡È�l

�,C¤�o�¼ê�p?

��?º,ý�±��kaq�úªíº�W

*
§���´^Ð�¼ê�½�,Òk�UO

�l��¡Èíº

¢Ã:õêÐ�¼ê£~X 1
x ¤ØU�¤,�

Ð�¼ê��ê£Ø�^È©<E��¼ê§¡

lnx¤.¤±§õê¡È�l�ØUU½Â(4.1)O

�.�3ö§k�ê�%´�~��¼ê§X�

£�±þJK1�2¤§�(��¤�ê/ª§xÚ.

¤±úª(4.1)ØÏ^§%kA�§UäÙ��.
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(ØµÄ�úª(4.1) ØUvk§�Ø´�

U.

ÖÍ�{��YÜ©.

±þw�§JK��Ó:µwq{ü²x�

K8£X�¤,Ù�{�YØ�´³»Ã��½ü

l�ê,I�p�Æ¯½k?Éì£X�È©�Ú

î-4ÙZ]úª9�Vúª¤5�a. p¤�â

kp£�.
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µØ

�È©ÌK´�oºXJ½�U©§@�7

L7L�Ö�ÉÂÖ. XJ�9�Eâú¯tØ

²x§½gC�¤§, @�7L��N¹.

?ØK:¥=©kÅì�È, @o©i�ÎÒ

�kÅì�Èí?
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17ù p�:o(�í2

êÆOù¿©�7�.úª(1.2), ©ü^Ø´

7��,ü^Uü��^, �N'UlÛÜ'�Ñ

::
�©

�p
= 0.999 · · · ⇒ �©�\

�p
= 0.999 · · ·

(7.1)

ùp'~ ≤ 1,�N���(J£ÄK�:

::�©
�p
→ 1⇒ �©�\

�p
→ 1§�úª(3.2)¤.
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¤±vk7�2�y�ö,=��c�,�


��,¯�õ�. �Ø´w,��
,�^A1�y

{,�18ù.

@o,úª(7.1)`,e

::��½k��⇒kÈ©9Úî-4ÙZ[úª

(7.2)
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�ì��p�½��::d�©��È©,¯

�õ�,���nØ�sA©¨.

�þA©¨,�eAcõ.

�©��'~�`�5®wy,���©,�


È©,¤Ió�þ�k��. ¯�õ�, Ò´Æ

S���.

ùÒ´�f�á, �O(î>��È©`

²Ö. ·���K:NofNoáÒNo`. �\

þ��,��u��þÖ.
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18ù (Û:Ä�½n�áy²

�È©Noy?

êÆ�uyQIêâ¢�,qIÜ6y².�

´y²�á�Ð.

·��±ÒA�Ð�¼ê,©O�yú

ª(4.1). ù´��{, wª�. ¢Sþ§�©Ú
�p
´�

�£�©
�p
¤�\�²þ§g,��u0.999 · · · . ù

Ò´�È©Ä�úª.
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��±Ò����¼ê,é�«mþ�ê½Â

ª�\,=��«mþÚî-4ÙZ[úª.�,{

'�^
�r�^�±9Ûª� ε− δ�{,É



.��ö@Ï�Ö(1999-01).

���	þ·,��±Ò¤k”��”¼ê(Ø

�¦©f ≤©1 )�Þ<eúª(7.2). ù�^


�f�^�±9à:½n£�ö�¯å
¤.�±

ey².
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�y²úª(7.2),Ò´d::��: �©
�p
→ 1

(�N���©
�p
½�p
�©

= 0.9̇ ) 5y²�È±9Úî-

4ÙZ]úª:�©�\�,
�©�\
�p

→ 1(�N���©�\
�p

½ �p
�©�\

= 0.9̇) .

Äk,b�3«m [a, b]þØ�3�©ð�0�

:,ù�éz�©�ó, �©
�p
7½3,�©:�

�e.c(XJ3,�©:,�p�0, d�e.c �

��KÃ¡),�
�©�\
�p

=
∑
�©
�p

=
∑
�©
�p

�p
�p
≥ c

∑
�p
�p

= c
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¤±,�Iy²�©�\�,þãe.c→ 1=

�.

du�9Ã�§�Ð^�y{:b�©�\

�,e.9 1 , @o�±����ê� {an} , ù

:?� �©

�p
9 1 , Q, {an}©Ù3k.«m,@o

��k��:±�kÃ¡õ:,�T:� �©
�p

9 1

, �®�gñ,=k c→ 1 .
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�5§ùA1½A©¨�Øy§��\ÖÃ


§\ÒÖÃ
�È©�nØ. vk��Ljº

��:ÆSà:½n(P�k¯��
).

��:aq/,�±y²�©�\�, �©�\
�p

�

þ.�ªu1. ¤±Òk �©�\
�p

→ 1 (Ø�¦

©f ≤©1 ),=kÄ�úª(4.1):

f(b)− f(a) =

∫ b

a

f ′(x)dx
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Q,ªu1,��4 ©f
©1
≤ 1 ,Òk 0.9̇ .

��:��,XJ�3�©ð�0�:c(k�õ

�:��/aq),@oò:c��©:.dc�Ü©

y²��

f(c−)− f(a) =
∫ c
a f
′(x)dx

f(b)− f(c+) =
∫ b
c f
′(x)dx

¿d f(x)ëY�È©��\5,�Ä�úª(4.1)

f(b)− f(a) =

∫ b

a

f ′(x)dx
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�È©(ÛÒ3ù�ù.c�ù�òL§,Ò

Ø7JÄ
,Ò���oÑvk`j.

�5�È©é�:d�Òùo�:.

q£�@é

�þA©¨,�eAcõ.


á
?J`.<õ:fõ,Øäk#`{kÑ,�
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�ò:1n�ë�x

�È©1�Ú,UE¤`Ö,�´¤§�1�

Ú��?º,�ÀúâØ¤§,~Xû¤��º

Þ,��Ì�²þàã,$½�)x?

IS�Æ�ÿJÑ”�©¨�â”,Üµ¥J

Ñ”`¯¼ê�È©”, �kLivshits, Range �Ø^

4�½Â�ê�|©�{§Ñ�Ø¤§.
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�Y 1�1n½n

�È©e�Ú´�o?

þÆÏ3eü��x:�VÐm£�ú

ª(5.3)c¤�î.- ð�N�Ðm,�©�È©�

�éÜ,©Oé �©
�p
��©�\

�p
J�,¦�¯Ñ0.9,$

½`Ñý�µL«¤k5Æ�?ê,¦¼êU\~

{5�¤��U.ùâ´�È©�¥�.ÄK

¼êØUO�,ï��UZ�o.¤±`,ùü�½

n�¤�È©��m�,"�Ø�.
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@o,�1�½n,(4.1), �å�k
n�½

n,�¤§,¤±qÚ��Ó��óÆúª,(2.4).

?ØK(Jhonson):Úî����kÚå½Æ'

mÊV�n�½Æ��í?��o?

Ú�0B©ª,Ì^Æ.

�+ (linq@lsec.cc.ac.cn) �È© 97 / 98



?ØK

34�[Ì��q.

Ò�ÅO�,VÇØ, · · · , í� 0.9̇ .

ë�©zÑ.
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