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Subordinator1´�a;�þ,� Lévy L§.12!?Ø§�L��Y²�Ä���

©Ù,dd1n!·����¡���uÆ(arcsine law)��x��4�½n.1o!?

Ø§���;��O��Ý§AO/§·�ò���A�éêÆ.��?ØdÙA��

ê¤û½� Hausdofff �ê���.

§3.1 ½ÂÚ5�

½Â 3.1.1 ¡��u [0,∞) � Lévy L§� láL§.ù%¹X§�;�´üNþ,�.

¤±k
Ör;�þ,�\\½Â¥.

F láL§�;�2´üNþ,�.

y² ∀t > s > 0,P(Xt −Xs < 0) = P(Xt−s < 0) = 0. �Xt > Xs,a.s. 5¿ùp�´y

²
?¿�½ü�:A�7,üN4O§ù¿ØU��üN4O5,Ï�z�½ü�:Ò

k"ÿ8�UØ¤á§¤±I�é�ú��"ÿ8. éu¤k�kn:·���"ÿ8

�¿E�"ÿ8§láL§;�´mëY�,éuÃn:dmëY5�±^kn:�e

ü%C§��y. �

láL§Ø�´�a�� LévyL§§3ê¼L§�ïÄ¥�å����^§ù

ò3e�Ùw�.láL§�d5Äu±e¯¢: ^��Õáuê¼L§ (Mt)t>0 �lá

L§ (Tt)t>0 ��mC�����L§ (MTt)t>0 E,�ê¼L§.y²�� [Feller]1971,P

346-347.ù«C�d Bochner Ú?§¦¡� Subordination.3öS 1 ¥·�w�òê¼L

§�¤ Lévy L§�A�(JE,¤á�A��ê� ΨX◦T (λ) = ΦT ◦ ΨX(λ)§y²��

[SATO]P 199-200 ½ [D.Applebaum]P 53-55.

�
�öòláL§½Â�����L§§·�ùpò����láL§¡�

killed subordinator.e X ´��láL§§τ = τ(q), (q > 0) ÑlÕáu X ��ê©

Ù.L§ X(q) ��u [0,∞],

X
(q)
t =

{
Xt, t ∈ [0, τ);

∞, t ∈ [τ,∞).

¡� subordinator killed at rate q(±�Ç qàk�láL§).e·��½ q = 0�§τ =∞
Kw, killed subordinator �2�,Ù�¹láL§,�´ùp�5¿�k� q = 0 �§

1Ï~È�láL§.
2A�7,¿Âe.
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2 1nÙ Subordinators

killed subordinator â´láL§§� q > 0 �§§=´ê¼L§.

F éN´�y��mëY��u [0,∞] �L§ (Yt)t>0 � subordinator killed at rate q

��=� P(Yt <∞) = e−qt,3 Yt <∞ ^�e,Oþ Yt+s− Yt Ú σ(Yv, 0 6 v 6 t) �pÕ

á�Ú Ys k�Ó�©Ù.

y² P(Yt <∞) = P(t < τ) = e−qt. {öw,. �

ly3m©�Ùb� X ´láL§.��2�Ñ~f.

·��±^ Laplace C�5©ÛÚláL§�'�¼êÚÿÝ�5�§ùpØæ^

Fourier C�Ì�´Ï�láL§=��u [0,∞).

F X �Ã¡�©5%¹X§� Laplace C��±L«�:

Ee−λXt = exp{−tΦ(λ)} (λ > 0), (3.1.1)

ùp Φ : [0,∞)→ [0,∞) ¡� Laplace �ê½ö¡�\Èþ.

y² Ee−λX1 = exp{−Φ(λ)},ùp� Φ =´ (3.1.1) � Φ. d X �Õá²Oþ5w,

é?¿�knêk: Ee−λXt = exp{−tΦ(λ)}. éuÃnê|^ X �mëY5§(3.1.1)ª

éu t �Ãnê�¤á. �

F X ´k.C��(�3k.4«mþA�7,äkk.C�)�A�7,vk�e�

a.?aÿÝ Π | 3 [0,∞) þ�÷v∫ ∞
0

(1 ∧ x)Π(dx) <∞. (3.1.2)

y² du X üN4O§üN¼ê34«mþäkk.C�§� X äkk.C�.d

üO5���� X a.s. vk�e�a§� Π(−∞, 0) = 0§= Π | 3 [0,∞) þ.2�â

X äkk.C�±91�Ù §1 P 15 �§Π ÷v∫ ∞
0

(1 ∧ x)Π(dx) <∞.

�

F X �A��ê�±L«�

Ψ(λ) = −idλ+

∫ ∞
0

(1− eiλx)Π(dx) (λ ∈ R), d ¡�¤£Xê.

¼ê λ → Ψ(λ) Ú λ → E(exp(iλXt)) �±)Ûòÿ�þ�²¡§Ïd E(exp(iλXt)) =

exp(−tΨ(λ)), Im(λ) > 0.�â (3.1.1) k

Φ(λ) = Ψ(iλ) = dλ+

∫ ∞
0

(1− e−λx)Π(dx) (λ > 0). (3.1.3)
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y² d1�Ù §1 P 16 �w,A��êkþãL«.2dA��ê�½Â E(eiλXt) =

exp(−tΨ(λ)) Ú (3.1.1) w,�� (3.1.3). �

F ½Â Lévy ÿÝ���: Π(x) = Π((x,∞))§·��±��Äu Lévy ÿÝ���

Laplace C�� Lévy-Khintchine úª:

Φ(λ)

λ
= d +

∫ ∞
0

e−λtΠ(t)dt.

y² Äk§

Φ(λ) = dλ+

∫ ∞
0

(1− e−λx)Π(dx).

∫ ∞
0

(1− e−λx)Π(dx) =

∫ ∞
0

Π(dx)

∫ x

0

d[1− e−λt]

Fubini
=====

∫ ∞
0

[∫ ∞
t

Π(dx)

]
d[1− e−λt] = λ

∫ ∞
0

e−λtΠ(t)dt.

u´��

Φ(λ)

λ
= d +

∫ ∞
0

e−λtΠ(t)dt.

�

F (3.1.2) �du

∫ 1

0

Π(t)dt <∞.

y² ∫ ∞
0

(1 ∧ x)Π(dx) =

∫ 1

0

xΠ(dx) +

∫ ∞
1

Π(dx)

=

∫ 1

0

Π(dx)

∫ x

0

dt+ Π(1) =

∫ 1

0

dt

∫ 1

t

Π(dx) + Π(1)

=

∫ 1

0

(Π(t)− Π(1))dt+ Π(1) =

∫ 1

0

Π(t)dt.

�

F d1�Ù §1 ·K 2 k lim
|λ|→∞

Ψ(λ)

λ
= −id. ù%¹X

Xt

t

P→ d, (t→ 0+).�k d > 0.

y² é?¿� λ 6= 0,

E(eiλ
Xt
t ) = E(eiλ

t
Xt) = exp

(
−tΨ

(
λ

t

))
→ exp(−(−id)λ) = exp(idλ) (t→ 0+).
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dëY5½n:
Xt

t

D→ d (t → 0+).  d �~ê��du±VÇÂñu d. qduláL

§��u [0,∞) w,k d > 0. �

��/§e�� LévyL§§�A��êΨäk (3.1.3)ª�L«�

∫ ∞
0

(1∧x)Π(dx) <

∞, d > 0. K§�½´��láL§�dláL§� Laplace �ê� Φ. ù´Ï�e§®

²k (3.1.3) ª�L«§KÙA�7,�k�a§¤£Xê��K (d > 0) �ÙA�7

,/��u [0,∞). ·�¡ (3.1.3) ª�láL§� Lévy-Khintchine úª.

F Φ ´]¼ê� Φ′ ��üN3.

y² d (3.1.3) w,�È¼ê����¼êëY§Φ ����ê (�¹ 0 �) 3 [0,∞)

þÂñ§� Φ ����ê3 (0,∞) þS4��Âñ.÷vÈ©Òe¦��^�§∫ ∞
0

−x2e−λxΠ(dx) < 0, � Φ ´]�.�â n �Ûó5w, Φ′ ´��üN�. �

F ���/§̂ Φ(q) L« Subordinator killed at rate q �A��ê§K Φ(q) = Φ + q.

y² �â½Â,

E[e−λX
(q)
t ] = E[e−λXt1{t<τ}] = P(t < τ)e−tΦ(λ)

= e−qte−tΦ(λ) = exp(−t[q + Φ(λ)]) = exp(−tΦ(q)(λ)).

�

e¡Þ�
láL§�~f.

~ 3.1.1 ÑtL§.rÝ c > 0.

�â1�Ù § 1 P 12 k Ψ(λ) = c(1− eiλ),� Φ(λ) = c(1− e−λ)§=d� d = 0,Π(dx) =

cδ1(dx). d Lévy-Khintchine úª�Ù�láL§.éuEÜÑtL§
Xt∑
i=1

ξi Ø�½´E

ÜÑtL§,�e ξi ���KKÙ�láL§,d1�Ù §1 P 12 ´� Ψ(λ) = c

∫ ∞
0

(1−

e−λx)v(dx), =d� d = 0,Π(dx) = cv(dx). 5¿� v(dx) ´VÇÿÝw,÷v (3.1.2) �

�láL§.

~ 3.1.2 ½láL§.ëê α ∈ (0, 1).

�â©ÜÈ©½È©Òe¦�k,

Φ(λ) = λα =
α

Γ(1− α)

∫ ∞
0

(1− e−λx)x−1−αdx.

3 f ∈ C∞(0,∞) ¡ f ��üNe (−1)nf (n)(x) > 0,∀n ∈ N,∀x > 0.
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w, d = 0,Π(dx) =
α

Γ(1− α)
x−1−αdx (α ∈ (0, 1)).w,÷v (3.1.2) �Ù�láL§.é

u α = 1 ��/w,´láL§.

~ 3.1.3 ³êL§. a, b > 0. eãÈ©¡� Frullani È©.

Φ(a,b)(λ) = a log

(
1 +

λ

b

)
=

∫ ∞
0

(1− e−λx)ax−1e−bxdx.

y² �âÈ©Òe¦�(Å�È©4��.)k, [Φ(a,b)(λ)]′λ =
a

b+ λ
. q Φ(a,b)(0) = 0. l

Φ(a,b)(λ) = a log

(
1 +

λ

b

)
. �

d� d = 0,Π(dx) = ax−1e−bxdx,w,÷v (3.1.2) �Ù�láL§.

F láL§´63�.

y² d (3.1.1) ,= Ee−λXt = e−tΦ(λ).- t ↑ ∞, K Xt(ω) ↑ A(ω).�d (3.1.1) k:

E[e−λA(ω)] = E[e−λA(ω)1{A(ω)<∞}] = 0.u´5 P(A(ω) <∞) = 0.= P( lim
t→∞

Xt <∞) = 0.�

du P( lim
t→∞

Xt =∞) = 1.�â1�Ù½n 19 � láL§´63�. �

d63�½Â§láL§� ³ÿÝ6 � Radon ÿÝ.=é?¿�;8 A,

U(0, A) = E
(∫ ∞

0

1{Xt∈A}dt

)
<∞.

5¿� ³ÿÝ� Laplace C��

LU(λ) =

∫ ∞
0

e−λxU(dx) =

∫ ∞
0

e−λxE0

(∫ ∞
0

1{Xt∈dx}dt

)
=

∫ ∞
0

e−λx
∫ ∞

0

P0(Xt ∈ dx)dt =

∫ ∞
0

dt

∫ ∞
0

e−λxP0(Xt ∈ dx)

=

∫ ∞
0

E0(e−λt)dt =

∫ ∞
0

e−tΦ(λ)dt =
1

Φ(λ)
.

 ³ÿÝ�©Ù¼ê¡� �#¼ê.½Â T (x) = T(x,∞) L«láL§�L x �Ä��§

=: T (x) = inf{t > 0, Xt ∈ (x,∞)}. du Xt ´4O�§·�k

U (x) = U([0, x]) = E
(∫ ∞

0

1{Xt∈[0,x]}dt

)
= E

∫ Tx

0

dt = E[T (x)].

4|^ 1− e−λx = −
∞∑
k=1

(−λ)k

k!
xk

5ÄK,P(A(ω) < ∞) = P

( ∞⋃
n=1

A(ω) < n

)
> 0. K7 ∃ n, s.t. P(A(ω) < n) > 0.u´

E[e−λA(ω)1{A(ω)<∞}] > e−λnP(A(ω) < n) > 0. gñ�
6�{üå�±�^ U L« ³ÿÝ§̂ U0 L« ³�f.
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�â T (x+ y) 6 T (x) + T (x+ y) ◦ θT (x) 9rê¼5Ú�màg5k

U (x+ y) = E[T (x+ y)] 6 E[T (x)] + E[E[T (x+ y) ◦ θT (x)|FT (x)]]

= E[T (x)] + E[EXT (x)
T (x+ y)] 6 E[T (x)] + E[Ex[T (x+ y)]]

= E[T (x)] + E0[T (y)] = U (x) + U (y).

= U (x) äkg�\5.e¡·�Þ~`²ùp�Ø�Ò�±î���§= U (x + y) �

±î��u U (x) + U (y).

~ 3.1.4 {Bt} ´IOÙK$Ä,- G(z) = inf{s > 0;Bs > z},w,|^ÙK$Ä�Õá
²Oþ5�� {G(z)}z>0 ´��láL§.½Â T (y) = inf{s > 0;G(s) > y}.�

P(T (y) 6 z) = P(G(z) > y) = P
(

sup
06s6y

Bs 6 z

)
.

�â���n, sup
06s6y

Bs � p.d.f �

f(y) =
2√
2πy

exp

{
− z

2

2y

}
, y > 0,

u´

E[T (y)] =

∫ ∞
0

z · 2√
2πy

exp

{
− z

2

2y

}
=

√
2y

π
, y > 0.

dÐ�Ø�ª
√
x+ y <

√
x+
√
y, x, y > 0 =� U (x+ y) < U (x) + U (y).

~ 3.1.5 ���{ü�~f´éuÑtL§, ∀x, y < 1 � x + y < 1,Ké?¿�;�Ñ

k T (x) = T (y) = T (x+y) = τ > 0.(τ �Ê��A�7,�u0)� E(τ) = E[T (x+y)] <

E[T (x)] + E[T (y)] = 2E[τ ].

e¡ïá�#¼êÚ Laplace �ê���'�.éu ∀f(x), g(x) > 0, P f � g e

∃c > 0, s.t. cf(x) 6 g(x) 6 f(x)
c
,∀x. w,���3 M1,M2 > 0, s.t. M1f(x) 6 g(x) 6

M2f(x),∀x Òk f � g.

·K 3.1.1 ·�k

U (x) � 1

Φ( 1
x
)
�

Φ(x)

x
� I(

1

x
) + d.

Ù¥ I(x) =

∫ x

0

Π̄(t)dt, d �¤£Xê.
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y² �Iy²þe�©O��=�.

(i)é ∀λ > 0,∫ ∞
0

e−yU
(y
λ

)
dy =

∫ ∞
0

λe−λzU (z)dz =

∫ ∞
0

U([0, z])d[1− e−λz]

=

∫ ∞
0

∫ z

0

U(dx)d
[
1− e−λz

]
=

∫ ∞
0

U(dx)

∫ ∞
x

d
[
1− e−λz

]
=

∫ ∞
0

e−λxU(dx) = LU(λ) =
1

Φ(λ)
. (3.1.4)

du U 4O§�d (3.1.4) ª

1

Φ(λ)
>
∫ ∞
k

e−yU
(y
λ

)
> U

(
k

λ

)∫ ∞
k

e−ydy = e−kU

(
k

λ

)
,

�

ek

Φ(λ)
> U

(
k

λ

)
, ∀λ, k > 0. (3.1.5)

- k = 1, λ = 1
x
k U (x) 6 e

Φ( 1
x)

.

(ii)e¡y²,����.du Φ ´]¼ê§� Φ′(λ) 'u λ 4~§�K.�k7

Φ(λ) 6 kΦ

(
λ

k

)
, ∀λ > 0, k > 1 (3.1.6)

u´éu ∀x > 0,

1

Φ(λ)
=

∫ ∞
0

e−yU
(y
λ

)
dy 6 U

(x
λ

)∫ x

0

e−ydy +

∫ ∞
x

e−yU
(y
λ

)
dy

6 U
(x
λ

)
+

1

Φ(λ
2
)

∫ ∞
x

e−ye
y
2 dy

6 U
(x
λ

)
+

1

Φ(λ
2
)
2e−

x
2 6 U

(x
λ

)
+

4

Φ(λ)
e−

x
2 .

- x = 2 log 8, K 4e−
x
2 = 1

2
. �

1

Φ(λ)
6 2U

(
2 log 8

λ

)
, ∀λ > 0.

d (3.1.6)k Φ(λ) 6 2 log 8Φ
(

λ
2 log 8

)
,∀λ > 0.u´- x = λ

2 log 8
> 0 k

U (x) >
λ

4 log 8

1

Φ( 1
x
)
, ∀x > 0.

7- f(λ) = Φ(λk )− 1
kΦ(λ), w, f ′(λ) > 0.=�.



8 1nÙ Subordinators

d (i)(11)�� U (x) � 1
Φ( 1

x
)
.

1��ªf�y²��aq§|^e¡��ª8=�∫ ∞
0

e−y
(
I
(y
λ

)
+ d
)

=
Φ(λ)

λ
, λ > 0.

�

��§e Φ 3 0+(�A/ ∞)?�KCz§�ê� α ∈ [0, 1]. d Tauberian ½n·

��±��·K 3.1.1 �\r/ª.

Γ(1 + α)U (x) ∼ 1

Φ( 1
x
)
, x→∞(�A/ x→ 0+).

?�ÚA^üN�Ý½n§e α < 1,K Levy ÿÝ��ìC/ª�

Γ(1− α)Π̄(x) ∼ Φ(
1

x
), x→∞(�A/ x→ 0+).

y² du LU(λ) = 1
Φ(λ)

, u´LU( 1
x
) = 1

Φ( 1
x)
. d Φ 3 0 ?�KCz§�

Φ(x) ∼ xαl

(
1

x

)
(x→ 0+), l(x)3 ∞?�úCz.

u´ 1

Φ( 1
x)
∼ 1

x−αl(x)
, x→∞.=k

LU

(
1

x

)
∼ 1

x−αl(x)
=

xα

l(x)
.

qk Tauberian ½nk U (x) ∼ xα

l(x)Γ(1+α)
. Ïd·���

U (x) ∼
LU

(
1
x

)
Γ(1 + α)

⇒ Γ(1 + α)U (x) ∼ LU

(
1

x

)
=

1

Φ( 1
x
)
.

?�Ú§�â Φ(λ)
λ

= d +

∫ ∞
0

e−λxΠ̄(x)dx� Φ(λ)
λ
´ÿÝ dδ0(dx) + Π̄(x)dx = U1(dx)

� Laplace C�.

d Φ 3 0 ?�KCzk LU1(x) = Φ(x)
x
∼ xα−1l

(
1
x

)
, x→ 0 + .

�â Tauberian ½n§U (x) ∼ x1−αl(x)
Γ(2−α)

. 2|^üN�Ý½nk

Π̄(x) ∼ (1− α)x−αl(x)

Γ(2− α)
=

x−αl(x)

Γ(1− α)
.

=

Γ(1− α)Π̄(x) ∼ x−αl(x) ∼ Φ(
1

x
), x→∞.

,�«�/��aq. �

8|^ Fubini ½nÚ P 72���1�ªá�.
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