Il R NI g TRT S IEA S 67 S

by H #T

»’k >

i

| AFRE
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(2) ARiE “analytic proof” ZEFLEF T E A A FERI S L. “synthetic proof”
AN HIARE, BIdg AW UA—, BS5ENEA I HER
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(3) “analytic method” #iI “synthetic method” HFEZL X iRE, HiG#H S X
ERRIHAEH, BWENEPEM S BAEER NI S E.
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SERGNEZ RN IS . XIS, BN E N & s RN <o
IR M “LEATRY, SHAE HEES MR EEAES P& G 2= 78K (fra &
A HI 0 LFHAIEN)

BAERA BB — A8 “OHrE” M SRR RSB, 2 B
FITFIE2. BEATES R EE B &P eE A Bk 4-5 CREETE (NRBEE R
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1 EHRa, b, HA Af” s Kk
a(B?+E2)+b(E+a?) +cla®>+b*) >>Babe.
S X'J@.?}‘%'fij'{ii|fl‘1§’-??§.rm"ﬂ!‘ W, 2l 3 Wi M M 2 S -z
B, HRREARAP 6 45, XFE%r s e KBATRRIW T Irik.
iERR: KN 6+ =2bcy, a0, BT

a(b* +c*)=2abe. @D
Bk E+a?>2ac, 6>0, FrlA

b(c* +a* ) =2abe, @
HA o +b6"=2ab, >0, FTLA

c(a®+4 =2abhc. €Y

HF as b c A2HME, BTUER d“@fu\”r’% PH—PARES, BETHHmE
alBP ety +b(*+a?) +cela®+6) >habe.

—figHs, MNBHFEMGH . IR, A, €8, HEE, &4 FRAKMHEHE,
UETM A8 B Ay, X FRERA T 42 & 3% (synthetical method). 2561k MY JHE L =
Bl R S R

B 2: LR UEW] Sl
TERXHL, AR FCERERT XM R R AN R H R DGE P Y
HH RS I, B R A Ale? HAnia & OOt aleg?
L, EWNAEPAIERE S A E. ENMTYR RSB RE—
RN R A, AR
BEbE, FAVE R BB T BARAE AT SO e iy . et # i

4 BHAHFELHKIET
Bl2# 81 K Florian Cajori (1859-1930) 7F H:Z4E (A History of Mathematics » (3%

2 ) PN E ISR T EIE  (Project Gutenberg EBook pa ik, % 35 . FrA F Ao
REHHEH Ao, FHTARKIZP AR ENTT)

The terms synthesis and analysis (K& “%4&7 5 “4#” ) are used in
mathematics in a more special sense than in logic. In ancient mathematics
they had a different meaning from what they now have (€14& &K% % 4y
X H5MKRTR) .

The oldest definition of mathematical analysis as opposed to synthesis
(B ERFH0) “OHM Fo “4247 892 L) is that given in Euclid, XIII. 5 (L
FERILZAF CJUTRAN % 13 B4 5, ERKRLP RiZEA LA E, BiE

3



e Aty “2#7 ), which in all probability was framed by Eudoxus (Bx % %, %
r, EARBEFR, BIVEZMF OUFTRARY 8910 4k A1) © ‘Analysis is the
obtaining of the thing sought by assuming it (3£/%3%¢€ s ) and so reasoning
up to an admitted truth (REr3Es2, & £ 133 —A~2iAay A 72) ; synthesis is the
obtaining of the thing sought by reasoning up to the inference and proof of
it (LA LGB NP HFELAF B Pee s, )

The analytic method (4#7i%) is not conclusive, unless all operations
involved in it are known to be reversible (5 #7 ik R A —F #r “* 78" 0, 4E
A +T 4£) . To remove all doubt, the Greeks, as a rule, added to the analytic
process a synthetic one (4:4-i%) , consisting of a reversion of all operations
occurring in the analysis (4% 5 447k %48 ) . Thus the aim of anal-
ysis was to aid in the discovery of synthetic proofs or solutions ( “4#” 44
AAR, R BRI “zbik” iR s ik, EEAZTHFRPLFIL, A 5

ik BRAFXpEA S, B “a46E 5iddE. ).

F—AEE K James Gow (1854-1923) fEH: 442 A Short History of Greek
Mathematics (4 4¢3 # %) » (Cambridge Library Collection j5 A&, % 177 1) NHE “ZE£ &7
oA B AR A S A

In other words, the synthetic proof (“#z4-%”1£%) proceeds by shewing
that certain admitted truths involve the proposed new truth (3%« .4 A72 P
A firey#r A72) : the analytic proof (“4#7i%” i£8]) proceeds by shewing
that the proposed new truth involves certain admitted truths (38 4532 #7649 37
A2y 54T 4 A52) . An analytic proof begins by an assumption, upon
which a synthetic reasoning is founded.

The Greeks distinguished theoretic from problematic analysis (&4 &
AR “EF2Rag 57 Fo “FRM 5477 ) . A theoretic analysis is of the
following kind. To prove that Ais B (34 718 &#2 A 54> T4 #1 B) , assume
first that A is B (’6181% A £ #-F B) . If so, then, since B is C and C is D and
D is E, therefore A is E. If this be known a falsity, A is not B. But if this be a
known truth and all the intermediate propositions be convertible (A =& “%5

W AR, VAT RARAY “4E4ERA” i$4%) , then the reverse process, A is E,
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E is D, D is C, C is B, therefore A is B, constitutes a synthetic proof of the

original theorem.

EHEEAEE AR “Analysis” JA]45H (Mak: https://en.wikipedia.org/wiki/
Analysis) BHE| FHEMPIEIE (Fif, AFHGIATLLER) . ENMERE T anal-
ysis(3#7) 55 synthesis(Zi ) 2 & 5k E N PEEEBHAnER <ot
O CERERT, R BT B | SO

ORI, XFHA R 4B AR FF FH 2 87 L 5K Heath B HAEH AL TE%
{The Thirteen Books of the Elements ) Vol. 1 ( {JEAY ZF—F) ) HAYLE.

Heath £ T3 6 TLHYEIE L 114 “Analysis and Synthesis” X SR IE (£ 4
F3 0 IXF) , IR TAHEM EIRGISCNEZ SN, B 24—B5I13C (R
Ff, BAREIR G AT 3-4 B4 Pappus) :

Now analysis is of two kinds, the one directed to searching for the truth
and called theoretical (‘# 22 # 44) , the other directed to finding what we are
told to find and called problematical (/7] 22 7 &) .

(1) In the theoretical kind we assume what is sought as if it were existent
and true, after which we pass through its successive consequences, as if they
too were true and established by virtue of our hyhypothesis, to something
admitted: then (a), if that something admitted is true, that which is sought will
also be true and the proof will correspond in the reverse order to the analysis
(%% (a) H5ar@ 3]l 48R ) , but (b), if we come upon something admittedly
false, that which is sought will also be false. (% (b) 2P RE : 4= R fF2| 4432
Wssil, RVIPTIRIRZF R 4% 0Y)

() (AT LB TH 2% “FARSH”, HALXATK) Inthe prob-
lematical kind we assume that which is propounded as if it were known, after
which we pass through its successive consequences, taking them as true, up
to something admitted: if then (a) what is admitted is possible and obtain-
able, that is, what mathematicians call given ( “4% 7, t4of & = 5K &Y
% &) , what was originally proposed will also be possible, and the proof will
again correspond in reverse order to the analysis, but if (b) we come upon

something admittedly impossible, the problem will also be impossible. (/L

5


https://en.wikipedia.org/wiki/Analysis
https://en.wikipedia.org/wiki/Analysis

frepa ey, PR ey TR A T Hk—AMEE PR, TR N2 A T IEHR

—Axxz, ©)

i1 _E Y if we come upon something admittedly false $XFEA) 351, 7Eh 7 A
ABHL, BIAERTIER “BOIER” e o imi” m—f.
5 b, Heath Bid-i8F AR —BL B (ibid) -

Reductio ad absurdum a variety of analysis. ()27% %A% —FF 547 %)

In the process of analysis starting from the hypothesis that a proposition
A is true and passing through B, C... as successive consequences we may
arrive at a proposition K which, instead of being admittedly true, is either
admittedly false or the contradictory of the original hypothesis A or of some
one or more of the propositions B, C... intermediate between A and K. (4-#7
SAZAF B AR 0 SRS BT E)

Now correct inference from a true proposition cannot lead to a false
proposition; and in this case therefore we may at once conclude, without any
inquiry whether the various steps in the argument are convertible or not, that
the hypothesis A is false, for, if it were true, all the consequences correctly
inferred from it would be true and no incompatibility could arise.

This method of proving that a given hypothesis is false furnishes an indi-

rect method of proving (dyst =4 —#Pia) 4L 8 7 ;%) that a given hypothesis

CMEE—F, T LI IS AR T JE4E ) (The Thirteen Books of the Elements) 1% “4:74<”,
B S E AR I TERAE AR . X T 2 e R A 2R ANt RS B0 1000 RITE 2, EHFRh
AR AR R, TEEE CAFENERDH, AT B KB, AT X — Bt 2
AT e, B SeA A theoretical kind ¥4 “PHEHIAY”. ZHSE L, problem (Fyi) Al theorem (FEHY) 21y
A MRS T s A — Bl e A5 67750, #E (The Thirteen Books of the Elements) ', StAbS | SCHIJLIUIA —/)
A FRIUAK problems and theorems. Heath F}E-AEX — /NI AAITEES | 1 Proclus(/A 70 5 1HH40) fFRE:

Again the deductions from the first principles are divided into problems and theorems, the former embracing the
generation, division, subtraction or addition of figures, and generally the changes which are brought about in them, the
latter exhibiting the essential attributes of each,

S EXT IR B . N ERAR ST AR AR 28 70y R E PR, i e R AT B R g 2 ), 9
B, — L, R, R RN R R

EE AR B AR AT - AHEAS BT AR A 2 9 DX R A E B, & SR R A 2E A
H BB, DAL BB E R AT Z R AR [0 A2, JRE R [EAT] SRR .
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A is true, since we have only to take the contradictory of A and to prove that
it is false. This is the method of reductio ad absurdum (y2%i%) , which is
therefore a variety of analysis.

The contradictory of A, or not-A will generally include more than one
case and, in order to prove its falsity, each of the cases must be separately
disposed of (4w R Rdn A % #riF oL, st ——54) : e.g., if it1s desired to prove
that a certain part of a figure is equal to some other part, we take separately the
hypotheses (1) that it is greater, (2) that it is less, and prove that each of these
hypotheses leads to a conclusion either admittedly false or contradictory to
the hypothesis itself or to some one of its consequences. (1# 35— F , #H&iX
B ohitik, RRIPAATEAM )25k (reductio ad absurdum)” 4932 fE LT
REH, JpiE”)

EH I ARBR BSOS A B R, HR Ry 7RG (KL
FRgEh, RESTHESHEEERAY, MAENARXTERENHS. FX
|, Heath E-1-3if (ibid. ¥R, XBOGR T 1908 4£2):

The ancient Analysis has been made the subject of careful studies by
several writers during the last half-century, the most complete being those
of Hankel, Duhamel and Zeuthen; others by Ofterdinger and Cantor (Moritz

Benedikt Cantor) should also be mentioned.

5RAEFARAPE “SATiE" T "EEE"

TFRE BV NIRRT “ AT ukB” (analytic proof) Fl “ZREIEHH” (synthetic
proof) FIELAC S . ZEEE Rl “analytic proof” il 4% (M 3k: https://en.wikipedia.

O TR I T AL TR A AR B
YAk R RAE KA — AR ARIEZRIEN, o RGMAEA—HERL, BRFHCRERETA, A

Fakike] “Y35E7. R SAPIESL, ARLIRAFEN ——BE), A RRIERAG AR L, EAY RAEET “F IR,

M Heath BFLRULE, KB BRI UELRI TR SLAR M reductio ad absurdum, J&5#F IEXF R I0FE “UH&
YR o CROEYR” BIPAULESZ proof by contradiction. 24 FT AR, AHIIE reductio ad absurdum 5 proof by
contradiction "3 [A]) K 5.

O P BB A FA B A (ULEAEH =440, (B ARSI R, BRI 1908 44—
W E 1925 SEMISE A, BTPAR SR KT
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org/wiki/Analytic_proof) jeiX AVl (EHM MR FTHR S, RALEB ML Loy
FREM. B, EHEAETLFFTN CEZRAZT , SFNECN Sl mEET) ¢

In mathematics, an analytic proof'is a proof of a theorem in analysis that
only makes use of methods from analysis, and which does not predominantly
make use of algebraic or geometrical methods. The term was first used by
Bernard Bolzano (& R %34, 1781-1848, 3% %45 %), who first provided a
non-analytic proof of his intermediate value theorem and then, several years
later provided a proof of the theorem which was free from intuitions con-
cerning lines crossing each other at a point, and so he felt happy calling it

analytic.

BRI A58 A4 “analytic proof” FYPIAC S X, BAEA “The term was first used
by Bernard Bolzano (iX A~ Ri& & -F% ik Rt A ay) 7 XA TR se Ui A ), B
R “analytic proof” 2> 19 LA TFIGMHRFIARE! BRYEH M iZ2 i
UER” . XA “analytic” 5 “MEHTILAT” (analytic geometry) HHY “analytic” JEAHir
o KPR AA AR X ERYZEE T U ( “Synthetic Geometry” ), W52 PARIL
BAG OUIRAY ARAA AR bR iy 22 A T LA B 2B J LA (axiomatic 3, pure
geometry) .

FATATLAE — F #4035 KRR MR SFE0FD P ROfliE (st 51 A 6% L F “Felix

Klein. Elementary Mathematics from a Higher Standpoint: Volume II, Geometry, Springer (2016)”
BRRLEPA)

However, I should like to add to this account an explanation of the dif-
ference between analytic and synthetic geometry (i fEA JUAT o 424 JUAT
Z A #y X 7)) , which always plays a part in such discussions. According to
their original meaning, emphcsynthesis and analysis are different methods of
presentation (€114 w14 L& BAP R 9 &M% X)) . Synthesis begins with
details, and builds up from them more general, and finally the most general
notions. Analysis, on the contrary, starts with the most general, and separates
out more and more the details (Rt % % B #3289 5% 2 T2 T8 5 5L,
X E R R AR 094 3L) . Tt is precisely this difference in meaning,

which finds its expression in the designations synthetic and analytic chem-

8
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istry ( “&mE” 5 “Hiries”, Ed Bk 4L ey £ 5 Mmk) Likewise, in
school geometry, we speak of the analysis of geometric constructions: we
assume there that the desired triangle has been found, and we then dissect the
given problem into separate partial problems.”

In higher mathematics, however, these words have, curiously, taken on
an entirely different meaning (R4, SNESFHKFEFPALAR L@ TA TR
[ a44-3L) . Synthetic geometry is that which studies figures as such, without
recourse to formulas, whereas analytic geometry consistently makes use of
such formulas as can be written down after the adoption of an appropriate
system of coordinates (74 JUIT@ LB R TIEA T, THEBI X AR LA
W ERRAAENEIRA G, T HE B R eF) A RIAX) ...

BEARA “Synthetic Geometry”, 54 5 2 AHXT M. “Synthetic proof”, BIASZE T
MR B UATIERA 53k . Bl (48—, #8728 “Another Synthetic Proof of Dao’s Gener-
alization of the Simson Line Theorem”, H[f5—#% 2016 &1 3 (http://forumgeon.
fau.edu/FG2016volume16/FG201608.pdf) o ANAAMFEZIE L, REMEH TS,
e T 19T “Synthetic Proof” Fb2 “AEJLT” W,

LR, “synthetic proof” 7E4EEE T MU AT MM i -

TE4E R H BHY “mathematical proof 7 (4 #2432 78) Ja] 45 (M Ak :https://en.wikipedia.
org/wiki/Mathematical_proof) LA “analytic proof” FI “synthetic proof” , {H
PR TiXREE—A]1%: “A classic question in philosophy asks whether mathematical
proofs are analytic or synthetic. Kant, who introduced the analytic-synthetic distinction,
believed mathematical proofs are synthetic (B /24813 “S el 224047 ). Bl OL, FE
VR 555G, SCSRNEIEU R T 5 4 a AR o

M2, MARERTE NS A AEIA A S & SR “analytic proof ” Fl “syn-
thetic proof ” Wg? YE4+AE NS SFHCEAFI P22 BB S E A, EERDI

C R R IR SRS 5 A RS 66 TUR A B BHIEAN T -

IR, Fib R T LT SR E U Z B X5, PEOAERE E RS X Rl ek
B, GEMITRMRRAE . GENBTET, NMTEL S, RER8E— . wr
R, Mi— BTG, 7 e EREE AT IR MR SRR, BT A S e i 4 5k
WA o e, FErb=A U, AT U EEI i, Bt R C B BrfRm = WE, RS0 i
L5157 e 2 g 08
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B X FIE I (1238 & A 44, 49 4o {2 Springer % #& 744 A 4 (Proof and Proving in Mathematics Ed-
ucation: The 19th ICMI Study ) o 7EM_FWRER: R B FAME SR 84— FE .
wn, BHKRD—mAE X TUEB 7R CE (M k& https://nathes. clarku. edu/
~djoyce/ma225/uritingProofs.pdf) , ‘B4 E TEHI 7 K24 (Clark University) 0275
THEARE R A (Modern Algebra) BRIT) 2017 SERKZRURFE TR}, 2 K T UERH 7
AR . PURFX A S PR WA TP ST -

Synthetic proofs. These are the standard proofs that you see in text-
books. They build up to the conclusion one step at a time. You can easily
follow a synthetic proof, but it’s hard to construct them, except the easiest
ones. (KNVRE B A ELEEHIEN, 2R HHEC, HHELIRI)

One kind of synthetic proof is a direct proof ( “#z4& %" w9y—Ar £ A
A& #3i£8) . For a direct proof of an implication P = (), assume the
hypothesis P and derive the conclusion (). There may intermediate steps.
From P you derive R, from R you derive S, and from S you derive the final
conclusion ().

There are other kinds of synthetic proofs such as indirect proofs and
proof by contrapositive ( “4z&%" 695 —Ar R R R INIEIEA FoF) F T A
#2” i£80) . For an indirect proof, also called a proof by contradiction (& iE
i%) , to prove P, instead assume P is false and derive any contradiction, that
is, any statement of the form () and not () (ix 2 X3z “gEix” AL —FF “42
432887) . For a proof by contrapositive, to prove P —> (@), you can instead
prove the contrapositive, which is logically equivalent, that is, assume that ()
is false and derive that P is false......

Analytic proofs. Although it’s often easier to find an indirect proof
than a direct proof, there’s a different kind of proof that’s closer to what we
do when we’re looking for a proof. That is, we start at the end and work back.
To prove an implication P = (), start with the goal () and break it down
into simpler statements that imply it. You might find that () follows from
S, then S follows from R, and then R follows from P. You’ve succeeded
in showing that P = (). You can always turn an analytic proof into a

synthetic proof by reversing the order of your statements. It makes it easier
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to follow the proof, but it hides the process you used to find the proof. (ix 4~

AOCMT By Rk, HATdE gl dagE A S E UL, EERTEE 3RET)

30k “analytic proof” (1) 5 ENEMAHF] . {HiZ, BXf “synthetic proof”
()58 SCH ENEM . dA I VAR, BEAEE “BIEYA (proof by contradiction)
7 WIH A “synthetic proof”. (X FF#GEA CHYIEIE, BRACEIRA T “analytic proof” &
“HRARE”, Hzaxtay “synthetic proof” £ VA 3% “analytic proof” VA 4hay &t 7 ik)

WA, FEFACE A T ) mathematical analysis Bl “%g224347" ., analysis 3
SCEHA A& SCRIRZEE AR, 17 synthesis 7K FHl # B FRIARRY & 3

6 BIVEEM-A "Ga%" M "o

2] <5177, EEIECLNIE, FRPESIL TV S, B
AR T A A IEARTE . (BN, SO AR EEEIR AR
AR, B )G, RS SRR REANE “SOIER” “Ber k" 22K, it
AR A S ERY “ERERT iR AT Z T (CAR ey ki
ZMERIN)-

JIrPA, SEEAERE, FErPa B, IR @R s i B 5 = AR RTE, 2R
W RTEB PP AR ? B E RO, WS HE M A SOTEIAR) “ZREik” Fl
TR WREEMAAIEAT, BENRUUE:

() REHH “CREIR" M “HHR” AEARF P S B, AR 3,
HAEF A DR A BT T it

(2) BRI 5 AT IARZ IR R R B, EHDN, FF “AEZER “9
PRESLRAIRY “BOIRE STRERR” S0 (RS 20 T dles 11z 4-5
O TR X ATHY), BRI SRRZITHI—F, 2AE
B . HSSAMER ), “VEZER” AR — Al ok, I
i, “SAER” FEE A B AL —F k" . BT il
R WEAEREAL, At2aRBEMIEERCES “SAER” 5.

(3) HIFAEE “LEAYET Rl “HMrE” i RRAE A 2E B X — e A5 ) 45
W, B A s A LR, R e LAk A e AT
(RtaZ1E A B LHF) e BHIK. BAGH T
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