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INTRODUCTION

The network is regarded as a good tool to deal with a set of interactional systems.
In recent year, there are several research works focused on synchronization dynamics
of networked mechanical oscillator systems derived from some practical engineering
problems, for example, Ren studied the coupled harmonic oscillators with local in-
teraction, Lu et al.,investigated linearly coupled networks of deterministic ratchets,
Barrón and Sen detected coupled self-excited elastic beams and so on.

The mass-spring-damper (MSD) oscillator has become a typical and popular model
for analysis of vibrational phenomena in engineering and technology.The motion
equations of the (MSD) oscillator can be given with the following equation using
Newton’s law:

ẍ(t) + bẋ(t) + h(x) = F cos(ωt), (1)

where x(t), ẋ(t) denote the displacement and velocity of the oscillator system, re-
spectively, h(x) = kx(1 + εx2) (ε > 0) is restoring force.
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MODEL FORMULATIONS

We consider the networked (MSD) oscillator systems in presence of a
chain coupling configuration with nonlinear spring interaction. The net-
work is described by the following form.

ẍi(t) + bẋi(t) =

N∑
j=1,j 6=i

kij (xj(t)− xi(t))[1 + ε(xj(t)− xi(t))
2]

+F cos(ωt), i = 1, 2, · · · , N, (2)

where xi(t), ẋi(t) denote the displacement and velocity of the ith oscilla-
tor, respectively. The corresponding adjacency matrix of network topolo-
gies can be written as follows:

K =


−k12 k12 0 · · · 0
k21 −k21 − k23 k23 · · · 0
... ... ... . . . ...
0 · · · 0 kN,N−1 −kN,N−1

 .
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MODEL FORMULATIONS

Obviously, a distinctive features of the networked oscillator system (2)
is that its coupling configuration is nonlinear connectivity. Therefore, the
network model (2) can well formulate practical architectures of some net-
worked mechanical systems. For example, the network model (2) can be
used to describe a basic vibration model of the networked oscillator system
consisting of N carts with cosinoidal excitation through nonlinear spring
interaction, see Fig.1.
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MODEL FORMULATIONS
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MODEL FORMULATIONS

To analyze the coordinated behavior for the networked (MSD) oscillator
system (2), we first define the state variables of the ith oscillator as

si(t) = (ui(t), vi(t))
> ∈ R2,

where ui(t) = xi(t) and vi(t) = ẋi(t)(i = 1, 2, · · · , N) denote the displace-
ment and velocity of the ith oscillator system, respectively. Thus, system
(2) can be written as

u̇i(t) = vi(t),

v̇i(t) = −bvi(t) +
N∑

j=1,j 6=i

kij (uj(t)− ui(t))[1 + ε(uj(t)− ui(t))
2] + F cos(ωt).

(3)
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DEFINITION OF SYNCHRONIZATION STATES

Definition 1. Let si(t) = (ui(t), vi(t))
> (i = 1, 2, · · · , N) be a solution of the

ith (MSD) oscillator with an given initial conditions wi0 = (ui0, vi0)
> ∈ R2 and

t0 ∈ R+, then s∗(t) = (u∗(t), v∗(t))> is said to be the synchronization state of the
networked oscillator system (10), if

lim
t→+∞

‖si(t)− s∗(t)‖ = 0, i = 1, 2 · · · , N. (4)

In general, the synchronization state s∗(t) is dependent on the given initial
conditions for system (2). Obviously, if an exact solution of synchroniza-
tion state is explicitly given, then the networked oscillator system (2) will
be globally asymptotically synchronized for any given initial conditions,
i.e.,

lim
t→+∞

‖si(t)− sj(t)‖ = 0, i, j = 1, 2 · · · , N, (5)

for any wi0 ∈ R2 and t0 ∈ R+.

http://www.hebut.edu.cn
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AN EXACT SOLUTION OF SYNCHRONIZATION STATES

Theorem 1. Let si(t) = (ui(t), vi(t))
>(i = 1, 2, · · · , N) be a solution of the

ith oscillator in system (2) under given initial conditions wi0 = (ui0, vi0)
> ∈ R2

and t0 ∈ R+, then all the states si(t) (i = 1, 2, · · · , N) of the networked oscillator
systems (2) will globally asymptotically convergence to the synchronization state
s∗(t) as t → +∞, where s∗(t) = (u∗(t), v∗(t))> can be explicitly given by

u∗(t) = β − F

ωb
sin(ωt0) +

F

ω
√

b2 + ω2
sin(ωt− ϕ),

v∗(t) =
F√

b2 + ω2
cos(ωt− ϕ),

(6)

where

β =
1

N

N∑
j=1

uj 0 +
1

bN

N∑
j=1

vj 0 and ϕ = arctan(
ω

b
). (7)
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REMARKS

Remark 1. For given initial values with respect to system (2), it is known from
Theorem 1 that an exact solution of synchronization state s∗(t) of system (2) can be
explicitly given, which is the simplest type of harmonic motion.Accordingly, an in-
teresting conclusion is reached that the networked oscillator system can be synchro-
nized to a simple harmonic motion by mild nonlinear network connectivity, even if
the isolated (MSD) oscillator is unstable, chaotic or others complex dynamics itself.
It is obvious that the results is indeed coincident with the practical situation related
to coordinated behavior of the networked controlled systems with unstable dynamics
of the agents.

Remark 2. It is important to emphasize that, a distinctive feature of Theorem 1 is to
give an exact solution of synchronization state of the networked oscillator systems.
However, it is still a difficult problem to estimate an explicit solution of synchro-
nization state for more general coupled oscillator systems, especially for nonlinearly
coupled oscillator systems.
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APPLICATIONS AND SIMULATIONS

We here consider a simple model of the chain networked mechanical systems
composing of six (MSD) oscillators/carts with cosinoidal excitation (Fig.1).

As is well known, the isolated (MSD) oscillator can exhibit rich behavior including
quasi-period, period and chaos. It is known that with the parameters b = 0.2, F = 27
and ω = 1.43, the solution trajectory of Eq. (1) approaches a chaotic attractor [?], as
shown in Fig. 2.
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APPLICATIONS AND SIMULATIONS

Let the stiffness matrix K be selected as the following two diagonal matrices,
respectively,

K1 =


−1 1 0 · · · 0

1 −2 1 · · · 0
... ... ... . . . ...
0 · · · 0 1 −1

 and K2 =


−1 1 0 · · · 0

1 −3 2 · · · 0
... ... ... . . . ...
0 · · · 0 5 −5

 ,

and the initial conditions of system (2) are taken as follows

w10 = (9,−1)>, w20 = (−8, 2)>, w30 = (−7,−3)>,

w40 = (−5,−9)>, w50 = (7,−6)>, w60 = (8, 4)>. (8)

for the initial time t0 = 0. Therefore, it follows Theorem 1 that the synchronization
state s∗(t) = (u∗(t), v∗(t))> for such networked (MSD) oscillator system is explic-
itly given by{

u∗(t) ≈ −10.17 + 13.07 sin
(
1.43t− arctan(7.15)

)
,

v∗(t) ≈ 18.69 cos
(
1.43t− arctan(7.15)

)
.

(9)
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APPLICATIONS AND SIMULATIONS

Figs. 3-4 are the simulation results corresponding to this situations, which clearly
show the evolution process of the synchronization state of system (2) with two kind
of the stiffness matrix in time interval [0, 50], respectively. It is explicitly shown
that the networked (MSD) oscillator system (2) can be synchronized to a simple har-
monic motion by mild nonlinear network connectivity, even if the isolated (MSD)
oscillator is chaotic or others, and so this conclusion is indeed consistent with theo-
retical results.
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CONCLUSIONS AND SIMULATIONS

In this work, we have investigated the synchronization dynamics for a class of
networked mass-spring-damper (MSD) oscillator systems with nonlinear spring in-
teraction. The primary contribution of this work is to give an exact solution of syn-
chronization state for such networked oscillator systems. Accordingly, an interesting
conclusion is reached that the networked oscillator systems can be synchronized to
a simple harmonic motion by mild nonlinear network connectivity, even if the iso-
lated (MSD) oscillator has complex dynamics itself. Numerical examples are given
to demonstrate the effectiveness of the theoretical results, too. It is believed that the
obtained results should provide some practical guidelines for the designs and imple-
mentations of coordinated control of networked dynamical systems in engineering
applications.
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1. Jin Zhou, Quanjun Wu.: Exponential Stability of Impulsive Delayed Linear
Differential Equations. IEEE Trans. Circ. Syst. II. 56 (2009) 744-748

�Ä��óÀ�¢�5�§:{
ẋ(t) = Ax(t) + Bx(t− τ), t 6= tk, t ≥ t0

∆x(t) = Ckx(t−), t = tk, k ∈ N

·�y²XeÌ�(Jµ�!XJóÀ�¢�5�§´(ÛÜ)ì?½
�§K§�½´(�Û)�ê½�;�!óÀU
¦���óÀ�¢�5�§
�Û�ê½§=¦§���U´Ø½�.

�!äk?¿�¢ÄåXÚóÀ½5

2. Quanjun Wu., Jin Zhou., Lan Xiang.: Global exponential stability of impulsive
differential equations with any time delays. Applied Mathematics Letters. 22 (2009)
doi:10.1016/j.aml.2009.09.001
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�ÄóÀ��5�¢ÄåXÚ:
ẋ(t) = f(t, xt), t 6= tk, t ≥ t0

∆x(tk) = Ik(tk, xt−k
), k ∈ N

xt0 = φ.

�éu8cÓa¯K�ïÄ(J,·�Ì�M#:: �!�Ñ
äk?¿�
¢���5ÄåXÚóÀ�Û�ê½�¿©^�;�!¤¼(JU
�O�
«óÀ��üÑ5½ÚÓÚ?¿���¢��5ÄåXÚ,=¦§���U
´Ø½�§$�´·b�.

n!A^

�ä��XÚ���5 (Consensus of networked control systems);

ÍÜ�fÓÚ( Synchronizations of coupled oscillators);

 ²�ä��O9A^(Designs and applications of neural networks);

LagrangeåÆ�ä�N��(Coordinated control of Lagrange mechanical
networks)
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�Ä��äkü� ²���¢Hopfield ²�ä

ẋ(t) = f(t, x(t), x(t− τ)) = −Cx(t) + Ag(x(t)) + Bg(x(t− τ(t))),

ùpx(t) = (x1(t), x2(t))
>, g(x(t)) = (tanh(x1(t)), tanh(x2(t)))

>, τ(t) = 1,Ú

C =

[
1 0
0 1

]
, A =

[
2.0 −0.1
−5.0 3.0

]
with B =

[
−1.5 −0.1
−0.2 −2.5

]
.

ù��ä´��·b�¢�Hopfield ²�ä.
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A fully developed double-scroll-like chaotic attractors of the isolate delayed Hopfield neural network.
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é±þ·b�¢�Hopfield ²�ä ²��ë�Ú\óÀ�Ak
Dx1(t) = −x1(t) + 2f1(x1(t))Du11 − 0.1f2(x2(t))Du12

−1.5g1(x1(t− τ(t)))Dw11 − 0.1g2(x2(t− τ(t)))Dw12,
Dx2(t) = −x2(t)− 5f1(x1(t))Du21 + 3f2(x2(t))Du22

−0.2g1(x1(t− τ(t)))Dw21 − 2.5g2(x2(t− τ(t)))Dw22,

�óÀm�∆t = tm − tm−1 = 0.02,óÀOÃα
(k)
11 = −0.9, α

(k)
22 = −0.6, α

(k)
12 =

α
(k)
21 = β

(k)
ij = 0.01, i, j = 1, 2,Úλ = 0.05,·��±��ù�äkóÀ ²�

ë��Hopfield ²�ä´�Û�ê½�.
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Stability process of the state variables in chaotic delayed neural networks with impulses in time interval [0, 2].
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�!��5¯K�£ã

¤¢õ�NÄ��äXÚ���5¯K(Consensus Problems)´��X�
m�üz,¤k�õ�N��ªG�ªu��.��5�Æ£�{¤´õ�N
�m�p�^�5K,§£ã
õ�N�m�&E��L§.

b�z�ÌN�ÄåÆXe:

ẋi(t) = ui(t), (xi(t + 1) = ui(t)), (10)

Ù¥xiL«1i�ÌN�G�,ui(t)���t���Ñ\(�Æ).E,õ�N�ä
XÚ©Ùª�Ó�����'�¯K3u�OÜ·��ÆÚ�{,¦�XÚ¥
¤k��N�±����.
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�¢1: ẋi(t) =
∑
j∈Ni

aij(xj(t− τij)− xi(t− τij)),

R. Olfati-Saber, R. M. Murray.: Consensus problems in networks of agents with switching
topology and time-delays. IEEE Trans. on Autom. Contr., 49, 1520-1533, 2004.

�¢2: ẋi(t) =
∑
j∈Ni

aij(xj(t− τij)− xi(t)),

L. Moreau.: Stability of multiagent systems with time-dependent communication links.
IEEE Trans. on Autom. Contr., 50, 169-182, 2005.

�¢3: ẋi(t) =
∑
j∈Ni

aij(xj(t− τij(t))− xi(t− τij(t))),

Y. G. Sun, L. Wang, G.M. Xie.: Average consensus in networks of dynamic agents with
switching topologies and multiple time-varying delays. Systems & Control Letters, 57, 175-183,
2008.

þã�Æ=·^uäk���ÏÕ�¢�õÌN�äXÚ,éuäk���ÏÕ
�¢��äXÚþã�Æ��.
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1!óÀ��5�Æ

·�JÑe¡�óÀ���Æ:

ẋi(t) =
∑
j∈Ni

aij(xj(t− τij)− xi(t− τij))

+
+∞∑
m=1

n∑
j=1,j 6=i

bij(xj(t
−
m)− xi(t

−
m))δ(t− tm), (11)

Ù¥bij�óÀ��OÃ, δ(t)´).�¼ê.
XJbij = 0,K�Æ(11)C¤��Äu!:vi�Ø!:����Æ,

ẋi(t) =
∑
j∈Ni

aij(xj(t− τij)− xi(t− τij)),

w,§´dOlfati-SaberÚMurrayJÑ���5�Æ�í2.
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�äXÚóÀ��5�Æ
2!�ääk�½ÿÀ

3�Æ(11)e§XÚ(10)äke¡�/ª:{
ẋ(t) = −Lx(t− τ(t)), t 6= tm, t ≥ t0,

∆x(t) = −Mx(t−), t = tm, m ∈ N,
(12)

Ù¥M = (−bij)n×n ��LaplacianÝ
,§�A���0 = λ1(M) < λ2(M) ≤
· · · ≤ λn(M).

½n 1 �Ä�¢Äå�ä(12)§éum ∈ N ,XJe�^�¤á:

(A1) ‖M‖2 < 2λ2(M
s);

(A2) �3���~êα > 0,¦�

τ‖L‖2 + κ‖L‖2 +
τ‖L‖2 + κ‖M‖2

1− 2λ2(M s) + ‖M‖2 − 2λ2(L
s) ≤ α,

Ù¥κ =
[ τ

minm∈Z+{tm − tm−1}

]
+ 1¶

(A3) ln{1− 2λ2(M
s) + ‖M‖2}+ α(tm − tm−1) ≤ β < 0.

K�¢Äå�ä(12)���ì?/��²þ��.
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5º 1 ½n1L²�¢Äå�ä(12)�²þ��5Ø=�6u���ä

�ÿÀ(�L,��6uóÀOÃÝ
M ÚóÀm�tm − tm−1.

5º 2 óÀ���Æ(2)äkXeü��^: Ù�§XJτ(t) < τ ∗,§�
±\��äXÚ(3)�²þ��¶Ù�§XJτ(t) > τ ∗,K�Æ(11)éu?¿�
ÏÕ�¢U¦�äXÚ(12)��²þ��.

3!�ääk��ÿÀ

du�ä¥�!:Ø´·��,ØJ��du,
!:�m�3æNÔ
¦�ù
!:�m�ÏÕ>��,Ó���)����¹,�5Ãë��,

!:�U¬)¤#�>.�Äe¡�ÿÀ���ä:{

ẋ(t) = Lkx(t− τ(t)), t 6= tk, t ≥ t0, k = s(t) ∈ IΓ,

∆x(t) = −Mx(t−), t = tk, k ∈ N
(13)

Ù¥Lk = L(Gk)´ãGk = (V, εk, Ak) �.Ê.dÝ
, �áu8ÜΓ. 8
ÜIΓ = {1, 2, ·, N} (N L«¤k�U�k�ãoê). N�s(t) : R → IΓ ´�

���&Ò,§û½
�ä�ÿÀ. ùpb�ÏÕÿÀ´rëÏ�²ï�. X
Js(t)´~ê§KéA�ÿÀ´�½�.
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3!�ääk��ÿÀ

·��Ý
Ls
k�A��

0 = λ1(L
s
k) < λ2(L

s
k) ≤ · · · ≤ λn(L

s
k),

Ù¥λ2 = mink∈IΓ
λ2(L

s
k), ‖L‖ = maxk∈IΓ

‖Lk‖.
½n 2 �Ä�¢Äå�ä(13)§XJeXJ½n1¥�(A1)(A3)Úe¡^

�¤áµ:

(A
′

2) �3���~êα > 0,¦�

τ‖L‖2 + κ‖L‖2 +
τ‖L‖2 + κ‖M‖2

1− 2λ2(M s) + ‖M‖2 − 2λ2 ≤ α,

K�¢Äå�ä(13)���ì?/��²þ��.
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4!ê�O���[

�Ä¹k100�!:�äk�½ÿÀ�k��ä,Xã1¤«,N´wÑ§´
��rëÏã. ã2L«�¢τ(t) = τ ∗ =

π

2λn
=

π

8
�,Äå�ä(12)3Ø\óÀ

�3�m[0, 20]S�G�Cþ�CzL§§ù`²�Ø\óÀ��ä´Ã{
��²þ���.

ã1 ã2
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4!ê�O���[

-óÀm�∆t = tm − tm−1 = 0.02,�¢τ(t) = 1,ã3!ã4©O��¢
Äå�ä(12)�ØÓ�óÀOÃÝ
mij = −0.015, i 6= j, mij = 1.485, i = j;
mij = −0.018, i 6= j, mij = 1.782, i = j3�m[0, 2]S�G�Cþ�CzL§.
¦�ÑL²�äU
é¯��²þ��§�óÀOÃK�X�ä���5.
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�!äkóÀÿÀ�����5

Quanjun Wu, Lan Xiang, Jin Zhou.: Average consensus in delayed networks
of dynamic agents with impulsive effects, Lecture Notes in CSSITE, Complex 2009,
Berlin: Springer, Part I, LNICST 4, 1124õ1138, 2009.

1!óÀ��5�Æ

�Ä�ä(�þäkóÀ�A,·�JÑe¡����Æ:

Dxi(t) =
∑
j∈Ni

aij(xj(t− τij)− xi(t− τij))Dwj(t), (14)

ùp�fDL«©Ù�ê§wi : [t0, +∞) → R´3[t0, +∞)¥?¿;�f«m
k.C�¼ê, Dwi£ã3�ä�ÿÀ(�¥óÀ��A.b�

Dwj = 1 +
+∞∑
m=1

umδ(t− tm), j = 1, 2 · · · , N.

ùpéz��½���tk÷vtk−1 < tkÚlimk→∞ tk = +∞, uk´~ê.
XJum = 0,K�Æ(1)C¤��Äu!:vi�Ø!:äk�¢�5���

Æ,w,§´dOlfati-SaberÚMurrayJÑ���5�Æ�����z.
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2!�ääk�½ÿÀ

3�Æ(14)e§XÚ(10)äke¡�/ª:

Dx(t) = Lx(t− τ(t))Dw(t), (15)

½n 3 �Ä�¢Äå�ä(15)§éum ∈ N ,XJe�^�¤á:

(A1) p = 2λ2(L
s)− ε1‖L‖2τ − ε2κµm‖L‖2 > q = ε−1

1 ‖L‖2τ + ε−1
2 κµm‖L‖2,

Ù¥ε1, ε2 ≥ 0, κ�½n1.

(A2) 4λ > 0Úε > 0÷vλ− p + qe2λτ ≤ 0,Ú

θm = 1 + ε + (1 + ε−1)µ2
m‖L‖2e2λτ , θ = sup

m∈Z+

{ ln θm

tm − tm−1

}
¦�θ < λ.

K�¢Äå�ä(15)�±�ê/��²þ��.

5º 3 ½n1L²�¢Äå�ä(15)�²þ��5Ø=�6u���ä
�ÿÀ(�L,��6uóÀOÃdimÚóÀm�tm − tm−1.
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3�Æ(14)e§XÚ(10)äke¡�/ª:

Dx(t) = Lkx(t− τ(t))Dw(t), k = s(t) ∈ IΓ, (16)

½n 3 �Ä�¢Äå�ä(16)§éum ∈ N ,XJe�^�¤á:

(A1) p = 2λ2(L
s)− ε1‖L‖2τ − ε2κµm‖L‖2 > q = ε−1

1 ‖L‖2τ + ε−1
2 κµm‖L‖2,

(A2) 4λ > 0Úε > 0÷vλ− p + qe2λτ ≤ 0,Ú

θm = 1 + ε + (1 + ε−1)µ2
m‖L‖2e2λτ , θ = sup

m∈Z+

{ ln θm

tm − tm−1

}
¦�θ < λ.

K�¢Äå�ä(16)�±�ê/��²þ��.
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�Ääk10�!:��ÿÀ
{

Ga, Gb, Gc, Gd

}
�k��ä§Xã5¤«"

ã6L«äk��ÿÀ��¢XÚo�G�
{

Ga, Gb, Gc, Gd

}
�m�Cz"X

ÚlGam©§z�0.1sa�e��G�. 3ù«�¹e,�Xüz�
>��,
,	�
>K)¤.

ã5
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-�¢τ(t) = 0.005,óÀOÃµ = 0.15,ã7w«
�¢Äå�äXÚ(16)3
�m[0, 16]©O��óÀm�∆t = 0.5Ú∆t = 0.05�G�Cþ�CzL§.

ã6Úã7
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o(
lÄåÆ�����Ý�Ääk�½���ÿÀk�õ�N�¢�äX

Ú�²þ��5¯K,JÑ
3ÏÕ�¢�¸¥ü��ä�óÀ��5�Æ,
¿�Ñ
Ï¦�A²þ��5¯K�ü�{üq����â. �©ó��
wÍ�A�LyXeµ

�!JÑ�1����5�Æéu?¿�ÏÕ�¢��äXÚ´k��,
�Ñ�1����5�ÆU¦�äXÚ�ê/��²þ��

�!�Ñ��äóÀ��5�Æäk{ü5!k�5Ú°�5��A

�.

n!¤¼�(JL²§�ä���5�Æ¥�óÀOÃ3Ï¦²þ��

5¯K¥äk�����^.
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E,óÀ�ä�ÓÚÄåÆ���
'uE,óÀ�äÓÚÄåÆ����ó�,�ë�·�Ù§Xeó�:

1. Zhou, J., Xiang, L., Liu, R.: Synchronization in Complex Delayed Dynamical Networks
with Impulsive Effects. Physica A. 384 (2007) 684-692.

2. Cai, S., Zhou, J., Xiang, L., Liu, R.: Robust Impulsive Synchronization of Complex Delayed
Dynamical Networks. Physica Letters A. 372 (2008) 4990-4995.

3. Zhou, J., Xiang, L., Liu, Z.: Robust Impulsive Synchronization of Coupled Delayed Neural
Networks. Lecture Notes in Computer Science, Vol. 4492. Springer-Verlag, Berlin Heidelberg
New York (2007) 16-23.

4. Xiang, L., Zhou, J., Liu, Z.: Global Synchronization of Impulsive Coupled Delayed Neural
Networks, Lecture Notes in Computer Science, Vol. 3971. Springer-Verlag, Berlin Heidelberg
New York (2006) 303-308.

5. Zhou, J., Xiang, L., Cai, S.: 21. Robust Impulsive Synchronization of Uncertain De-
layed Dynamical Detworks. Proceedings of the 7th World Congress on Intelligent Control and
Automation, (WCICA’08), (2008) 170-177.

6. ±?.,4OJ.: äkóÀ�AE,�¢Äå�ä�ÓÚÄåÆ���.�E��(¥
I§nãµØ©Ù), 26(2): (2008) 56-60
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XÚÄåÆ9Ù3 ²ÄåÆ¥�A^ (?
Ò:10672094)0,/E,õ�N�¢�äXÚ�NÄ
åÆ���9ÙA^ (?Ò:10972129)0,þ°½�
��EuÐÄ7�8(?Ò06AZ101)�Ü©]Ï.
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