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Matrix-Matrix Multiplication

Two broadcasts take time 2(1. loz(\/7) + tu(n?/p)(/F — 1))

Computation requires v multiplications of
(n/y/p) x (n/\/P) submatrices

Parallel run time is approximately

E \2
Tp =4 t,logp+ Ao
P VP
Algorithm is cost optimal
Isoefficiency is O(p3?)
due to bandwidth term ¢, and concurrency (p = n? thus n = p*)

Major drawback of the algorithm: not memory optimal

CEERYY S
Aokt AL BAeCario-oel 67 3 BA . B AeC X194

ij°

Xk

DB & TAEBRITALERG S F 5 HLFHAL
k=0~ V1)

FI AL B ITBAE LG S 5 546 £ (F 7B k=0~/p1)

QR-Ho iz 4 Pi‘j#k o =J§1Ak'qu

i& 41 4t i
()48 2 7 & 4. ,

@t t=2logyp+t, (/p-1)

Qi tL=Vpx(E)’=n"lp

9.4.2 Cannon3E i

St AL BRCak P=Vpx/peg 7 $ A . B #0C ) K

Aj+ Bi#eGij(n > > p)

i

n

- Poo | Poi Poz | Pos
N

Pro | P1 Prz | P13

n
P20 P21 P22 P23
P30 P31 P32 P33
Vp




Cannon3E i+

Aok B2 (A AdR)
@A A O<ij</P )& 4 4 77 21 4 (4175
42);
FrA #B0<i,j</p1 )& LG4 3j % (47 1
42);
QA 32 BP, MM ITA FoB, 6 Roto 12 H s
BAt N & £ R BH— F;

Bey &Nk LI 3 — ¥
@# Q47 Jp-1k;

Cannon3E i+

TH A Bis pl6
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After second shift

After third shift
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Begin
(1)fork=0to  Jp-do
for al P,; par-do
(i) if i>k then
Ai.j < Ai,(j+1)mod o
endif
(ii)if j>k then
Bi,j < B(i+1)m0d b
endif
endfor
endfor
(9for al B par-do C;;=0 endfor

(3)fork=0to /pado
for al B, par-do
(i) C;=Ci;*A;B;;
(D) A € Aigyma
(iDBy; € Biymad i
endfor
endfor
End
At i o4
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A and B after initial alignment and shifts after every step
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Fox (and Cannon) treatments make the following
assumptions:
% The number of processes (p) is a perfect square

4% The matrices to be multiplied are square of order n
Xxn

# sqrt(p) divides n evenly

g = sgrt(p) // number of rows, colsin processor grid
/I Alisoperand 1, B isoperand 2in A * B
Il Cisresult
I1'i,j = process row, column
Il src, dest rows for rotating 'up'
src=i+1mod q;

dest =i-1 mod q;
for (stage = 0; stage < q; stage++) {

4 k_bar = (i+stage) mod ¢

4 broadcast(Ali,k_bar]) to row i;

4 C[i,j] = C[i,j] + Ali,k_bar]*B[k_bar,j]

4 sendrecv(B[k_bar,j],src,dest);

}

Fox 3 7%

T #] Asxar Baxa, p=16

0.4 45 14 £ ik
9.4.1 { £ # 17 o4k R ok
9.4.2 Cannon f.¢%
9.4.3 Fox f ¢

9.4.4 Systolic & i
9.4.5 DNS£ &%

Fox 3 7%
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81,0 P11 P12 By 3
g ) EN FURN LY
i 3 1fL3.2 3
¥ Bap ’[Bz,l W8y, [ By

() (d)

Pros and Cons of Cannon

Local computation one call to (optimized) matrix-multiply

Hard to generalize for

4 p not a perfect square

4 A and B not square

% Dimensionsof A, B not perfectly divisible by s=sgrt(p)

4 A and B not “aligned” in theway they are stored on processors
4 block-cyclic layouts

Memory hog (extra copies of local matrices)




SUMMA Algorithm

SUMMA = Scalable Universal Matrix Multiply
Slightly less efficient, but simpler and easier to
generdize

Presentation from van de Geijn and Watts

4 www.netlib.or g/lapack/lawns/lawn96.ps

4 Similar ideas appeared many times

Used in practicein PBLAS = Parallel BLAS

% Basic Linear Algebra Subprograms

4 www.netlib.or g/lapack/lawng/lawn100.ps

SUMMA performance

° To simplify analysis only, assume s = sqrt(p)

For k=0 to n/b-1
foralli=1tos .. s=sqrt(p)
owner of A(i,k) broadcasts it to whole processor row
...time =log s *( & + B * b*n/s), using a tree
forallj=1to s
owner of B(k,j) broadcasts it to whole processor column
...time =log s *(a + p * b*n/s), using atree
Receive A(i,k) into Acol
Receive B(k,j) into Brow
C_myproc = C_myproc + Acol * Brow
... time = 2%(n/s)2*b

° Totaltime=2*n3/p + a*logp*n/b + B*logp* n2/s

Ali,k)

SUMMA
Kk j /B(kj)
e ————
. AN
] Z«SRYA M ci)
)

i, j represent all rows, columns owned by a processor
k is a single row or column
¢ or a block of b rows or columns

C(ij) = C(i,)) + 2k A(i.k)"B(k,))

Assume a py by pg processor grid (py = pg = 4 above)
* Need not be square

SUMMA performance
Totaltime =2n3/p + a*logp*nb + B*logp*n2/s
Parallel Efficiency =
1/(1+a~*logp*p/ (2*b*n2) +p* log p *s/(2*n) )

~Same (3 term as Cannon, except for log p factor

log p grows slowly so this is ok
Latency (o) term can be larger, depending on b

When b=1, get a*logp *n

As b grows to n/s, term shrinks to

o *logp *s (log p times Cannon)

Temporary storage grows like 2*b*n/s
Can change b to tradeoff latency cost with memory

SUMMA
k j /Blki)
ok
A < * l\ -
B =« /j clif)
Ai,k) 1
Fork=0ton-1 ...orn/b-1whereb is the block size

.. =#colsin A(i,k) and # rows in B(k,j)

foralli=1topy ...in parallel

owner of A(i,k) broadcasts it to whole processor row
forallj=1to pc ... in parallel

owner of B(k,j) broadcasts it to whole processor column
Receive A(i k) into Acol
Receive B(k,j) into Brow
C_myproc =C_myproc + Acol * Brow

ScalLAPACK Parallel Library

ScalLAPACK SOFTWARE HIERARCHY

ScalLAPACK

Message Passing Primitives
(MPL PVM, etc)
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Systolic & i
[/~ Amxn' ank; %dz:cmxk
Begin
fori=1tom par-do
forj=1to k par-do
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il B s ateba :
(ii) wfc:f= gi‘j zajba éb‘:; i 94.3 FOXﬁoi‘
ifi<mt A Eb%P,,, i H .
i d;l <h}r<ln then % £as P endif 9.4.4 Systolic R i
encndwhile 9.4.5 DNSH o
endfor
End
Recursive Layouts DNSH i%

For both cache hierarchies and parallelism,
recursive layouts may be useful

Z-Morton, U-Morton, and X-Morton Layout

T
7

Also Hilbert layout and others

What about the user’s view?

4 Fortunately, many problems can be solved on a
permutation

# Never need to actually change the user's
layout

# %: & Dekel. NassimifeSahnii# & ¢9SIMD-CC L ¢ 46 B R ok, #L32 5
#8 An, & i7atia AO(logn), & —A & BB 3 ko

EARA: At —F—Fo— 5 3 @M E Ak, R E(KL)AAaTob,;

EGECREW DI LFEY. SRS E TN E -3 FE:FI(AN)E N
238 Bl 5 AL BHp=n3= (293=2% s 52 BP 42 F 4 & (ki)
& Br=kn?+intj, (0<i,j, k<n-1)o 4 F (kij) g2 BP e =N F 4R
A..B..C. 431 & & A A[Ki,jl, BIk.i,jldeC[k,i.jl, 424 at 4 %0,
H ik b st Aeb, 4 4 T ¥ 4 BA[0.ij]42B[O.1,j]:
D& T 4:ABR 2t ke L 4| (— 7| — 46 X);
Afjsf A4 (— 5 346 4) BAIK A4 (—F 34&4);
QiR EH:AAARLBEGA. B4R A@ta R
QB kdoiz Hiiltkr 61t 17 £ 542 R KAo:

Summary of Parallel Matrix Multiplication

1D Layout
4 Bus without broadcast - slower than serial
4 Nearest neighbor communication on a ring (or bus with
broadcast): Efficiency = 1/(1 + O(p/n))
2D Layout
4 Cannon
= Efficiency = 1/(1+O(a * ( sqrt(p) /n)3 +b* sqrt(p) /n))
= Hard to generalize for general p, n, block cyclic, alignment
+SUMMA
= Efficiency = 1/(1 + O(a * log p * p / (b*n2) + b*log p * sqrt(p) /n))
= Very General
= b small => less memory, lower efficiency
= b large = > more memory, high efficiency

# Recursive layouts
% Current area of research

C10=3 X (-5)+4 X 7=1
C11=3 X (-6)+4 X 8=14 DB @i (ke

[€9. 12

10
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(141 MR Tr BIE AT 5
{p, r,=d}3Rr OSr<p-lHIEA, (3)for m=2q-1to q do /AR HIBm-1
X Br i =35I Emirkd; for al rin{p, ry,=rq,q.} par-do
BN Ao Box HIH: Coxp fry=rfir
begin //Mn=2, p=8=2%6, q=1, r=(r,r 1), B,m€ B, /B010€8(000) 8(100)/€B(110)
(1)for m=3qg-1to2q do //i&kEMHEA B, m=2 endfor //B(011)€8(001) B0 € B(111)
for all r in {p, r,,=0} par-do /ir =o&r endfor
(L) Am € A, 1IA00)€A(000)% (4)for r=0top-1par-do /S, allP,
(12) Bm € B, //B(100)€B(000)% C=A,XB,
endfor endfor
endfor (5)for m=2qto3g-1do //KFA,m=2
(2)for m=g-1to0do  //3&jHEMHIA, m=0 for r=0to p-1 par-do
for all 1in{p, = 1y} Par-do /fr=r g C=C,+C,m
A m € A, IA001)€A(000) A(100)€A(101) endfor
endfor 1IA(011)€A(010),A(110)€A(111) endfor

endfor end




