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1 �Ω´Rn¥�k.«�,∂Ω¿©1w,f ∈ L2(Ω), g ∈ H1(Ω).�Ä>�¯K:

(D1)

{
−4u(x) = f(x), x ∈ Ω
γ(u− g) = 0

ùpγL«∂Dþ�,�f,=lC∞(Ω̄)�L2(∂Ω)�N�γ : w 7→ w|∂Ω(∀w ∈ C∞(Ω̄))�H1(Ω)�ëYò
ÿ.-J´H1(Ω)þ�e��¼µ

J(w) =
1
2

∫
Ω

|∇w(x)|2dx+
∫

Ω

∇g(x) · ∇w(x)dx−
∫

Ω

f(x)w(x)dx,∀w ∈ H1
0 (Ω)

1) éu ∈ H1(Ω)�Ñu´¯K(D1)�f)�½Â.

2) u ∈ H1(Ω)´¯K(D1)�f)��=�w = u − g ∈ H1
0 (Ω)´w��¼J����, =¤áJ(w) ≤

J(ϕ),∀ϕ ∈ H1
0 (Ω)

3) Qã�¼fe�ëY�½ÂÚ���'�C©�n.

4) �â2), 3),y²:¯K(D1)�3���f).

y²µ

1) eé∀ψ ∈ C∞0 (Ω),l
é∀ψ ∈ H1
0 (Ω),Ñk∫

Ω

∇u · ∇ψdx =
∫

Ω

f · ψdx

�γ(u− g) = 0,K¡u¦¯K(D1)�f).

2) i) ��(¿©5)
∀ψ ∈ H1

0 (Ω),�¼ê

F : R → R
ε 7→ J(w + εψ)

K

F (ε) = J(w + εψ)

=
1
2

∫
Ω

|∇(w + εψ)|2dx+
∫

Ω

∇g · ∇(w + εψ)dx−
∫

Ω

f(w + εψ)dx

=
1
2

∫
Ω

|∇w|2dx+ ε

∫
Ω

∇w · ∇ψdx+
ε2

2

∫
Ω

|∇ψ|2dx

+
∫

Ω

∇g · ∇wdx+ ε

∫
Ω

∇g · ∇ψdx−
∫

Ω

fwdx− ε

∫
Ω

fψdx

F´��¼ê,�3ε = 0?�����,l
dFermat½n,k

F ′(0) =
∫

Ω

∇w · ∇ψdx+
∫

Ω

∇g · ∇ψdx−
∫

Ω

fψdx = 0

d= ∫
Ω

∇u · ∇ψdx =
∫

Ω

fψdx

u´:
a) é∀ψ ∈ H1

0 (Ω),Ñk ∫
Ω

∇u · ∇ψdx =
∫

Ω

f · ψdx

b)
γ(u− g) = γw = 0
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ii) =�(7�5)
∀ϕ ∈ H1

0 (Ω),kϕ− w ∈ H1
0 (Ω),��Á�¼ê�\f)�½Âª,k∫

Ω

∇u · ∇(ϕ− w)dx =
∫

Ω

f(ϕ− w)dx

= ∫
Ω

∇g · ∇(ϕ− w)dx−
∫

Ω

f(ϕ− w)dx = −
∫

Ω

∇w · ∇(ϕ− w)dx


k

J(ϕ)− J(w) =
1
2

∫
Ω

|∇ϕ|2 − |∇w|2dx+
∫

Ω

g · ∇(ϕ− w)dx−
∫

Ω

f(ϕ− w)dx

=
1
2

∫
Ω

|∇ϕ|2 − |∇w|2dx
∫

Ω

∇w · ∇(ϕ− w)dx

=
1
2

∫
Ω

|∇(ϕ− w)|2dx ≥ 0

l
�y.

3) i) �¼fe�ëY�½Â:
�X´�B∗�m,f´Xþ��¼.e

∀{xn} ⊂ X,xn ⇀ x⇒ f(x) ≤ lim inf
n→∞

f(xn)

K¡f´fe�ëY�.
ii) C©�n:
éJ : H1

0 (Ω) → R,·�k
a) J´fe�ëY�.
é

∀{ϕn} ⊂ H1
0 (Ω), ϕn ⇀ ϕ

�

J(ϕ) = J1(ϕ) + J2(ϕ)

Ù¥

J1(ϕ) =
1
2

∫
Ω

|∇ϕ|2dx

J2(ϕ) =
∫

Ω

∇g · ∇ϕdx−
∫

Ω

fϕdx, ∀ϕ ∈ H1
0 (Ω)

éJ2,·�kÙ�H1
0 (Ω)þ�k.�5�¼:

��¡,

J2(λiϕi) =
∫

Ω

∇g · ∇(λiϕi)dx−
∫

Ω

f(λiϕi)dx

= λi

(∫
Ω

∇g · ∇ϕidx−
∫

Ω

fϕidx

)
= λiJ2(ϕi)

,��¡,

|J2(ϕ)| ≤
(∫

Ω

|∇g|2dx
) 1

2
(∫

Ω

|∇ϕ|2dx
) 1

2

+
(∫

Ω

|f |2dx
) 1

2
(∫

Ω

|ϕ|2dx
) 1

2

≤ 2max
{
||∇g||L2(Ω), ||f ||L2(Ω)

}
||ϕ||H1(Ω)

l
dfÂñ�½Â,k
J2(ϕn) → J2(ϕ)
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éJ1,·��ψn = ϕn − ϕ,Kψn ⇀ 0,l


J1(ϕn) = J1(ψn + ϕ)

=
1
2

∫
Ω

|∇(ψn + w)|2dx

= J(ψn) +
∫

Ω

∇ψn · ∇ϕdx+ J(ϕ)

≥
∫

Ω

∇ψn · ∇ϕdx+ J(ϕ)

ü>�e4�,k

lim inf
n→∞

J1(ϕn) ≥ lim
n→∞

∫
Ω

∇ψn · ∇ϕdx+ J(ϕ) = J(ϕ)

nÜéJ1, J2�?Ø,·�kJ´fe�ëY�.
b) Jke..

J(ϕ) =
1
2

∫
Ω

|∇ϕ|2dx+
∫

Ω

∇g · ∇ϕdx−
∫

Ω

fϕdx

≥ 1− ε

2

∫
Ω

|∇ϕ|2dx− ε

2

∫
Ω

|ϕ|2dx− 1
2ε

∫
Ω

(|∇g|2 + f2)dx(ε�½)

≥ 1− ε

4

∫
Ω

|∇ϕ|2dx+
(

1− ε

4µ
− ε

2

) ∫
Ω

|ϕ|2dx− 1
2ε

∫
Ω

(|∇g|2 + f2)dx

(µ�PoincareØ�ª¥�~ê)

�ε¿©�,¦�þªcü��XêÑ�u0,
k

J(ϕ) ≥ min

{
1− ε

4
,
1− ε

4µ
− ε

2

}
||ϕ||2H1(Ω −

1
2ε

∫
Ω

(|∇g|2 + f2)dx

l
k�.
da), b),·��±y²J3H1

0 (Ω)þU�����.
Ï�J3H1(Ω)þke.,d(.�n,ke(.

m = inf
ϕ∈H1

0 (Ω)
J(ϕ)

Ù�à:,
∃{wn} ⊂ H1(Ω), s.t. J(wn) → m

XJ·�y²
{wn}3H1
0 (Ω)¥k., @oduH1

0 (Ω)´g��m(��H1(Ω)�4f�m,´�
�à�;½ö��^RieszL«½n)9ÙEberlein½n,k {wn}k�fÂñ�f�:

wnk
⇀ w ∈ H1

0 (Ω)

l
dJ�fe�ëY5,k

m ≤ J(w) ≤ lim inf
k→∞

J(wnk
) = lim

n→∞
J(wn) = m

=kJ3w?�����.  y{wn}3H1
0 (Ω)¥k..

1
2

∫
Ω

|∇wn|2dx = J(wn)−
∫

Ω

∇g · ∇wndx+
∫

Ω

fwndx

≤ M +
ε

2

∫
Ω

|∇wn|2dx+
1
2ε

∫
Ω

|∇g|2dx

+
ε

2

∫
Ω

|wn|2dx+
1
2ε

∫
Ω

f2dx(M´J(wn)���þ.)

≤ M +
ε(1 + µ)

2

∫
Ω

|∇wn|2dx+
1
2ε

∫
Ω

(|∇g|2 + f2)dx

(µ�PoincareØ�ª¥�~ê)

�ε¿©�,��
∫

Ω

|∇wn|2dxk.,2dPoincareØ�ª,k||wn||H1(Ω)k..�y.
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4) i) �35:
d3),��J3w ∈ H1

0 (Ω)þ�����,
d2),ku = w + g´¯K(D1)�f).
ii) ��5:
�u1, u2Ñ´¯K(D1)�f),-u = u1 − u2,Kk∫

Ω

∇u · ∇ψdx = 0 (∀ψ ∈ H1
0 (Ω))

�ψ = u = (u1 − g)− (u2 − g) ∈ H1
0 (Ω),�\k∫
Ω

u2dx ≤ µ

∫
Ω

|∇u|2dx = 0

u´
u = 0, a.e.uΩ

2 �Ω´Rn¥�k.«�,∂Ω¿©1w.�Äe�­NÚPoisson�§�>�¯K:

(D2)

{
42u(x) = f(x), x ∈ Ω
u|∂Ω = 0,4u|∂Ω = 0

-V = {u ∈ C∞(Ω̄) | u|∂Ω = 0,4u|∂Ω = 0},¿- H2
B(Ω)�V3H2(Ω)¥�4�.¯K(D2)�f)½Â�÷

ve�^��u ∈ H2
B(Ω): ∫

Ω

4u · 4ϕdx =
∫

Ω

fϕdx, ∀ϕ ∈ V.

1) y²:XJu ∈ C4(Ω) ∩ C2(Ω̄)´¯K(D2)�²;),Ku½�§�f).
2) -J�H2

B(Ω)þ�e��¼:

J(w) =
1
2

∫
Ω

|4w|2dx−
∫

Ω

fwdx, ∀w ∈ H2
B(Ω)

y²:u ∈ H2
B(Ω)´¯K(D2)�f)��=�u´�¼J����,=¤á:J(u) ≤ J(ϕ),∀ϕ ∈ H2

B(Ω).
3) A^C©�ny²:¯K(D2)�3���f).

y²:

1) é?¿�u ∈ C2(Ω) ∩ C2(Ω̄),dGreenúª,k∫
Ω

4u · 4ϕdx =
∫

Ω

ϕ · 42udx+
∫

∂Ω

[
4u∂ϕ

∂ν
− ϕ

∂(4u)
∂ν

]
ds =

∫
Ω

fϕdx,∀ϕ ∈ C∞(Ω̄)

2) ²w�,eu ∈ H2(Ω)´¯K(D2)�f),Kke��ª¤á:∫
Ω

4u · 4ϕdx =
∫

Ω

fϕdx,∀ϕ ∈ H2
B(Ω)

a) ¿©5: �u ∈ H2
B(Ω)´J����,é∀ϕ ∈ H2

B(Ω),�¼ê

F : R → R
ε 7→ J(u+ εϕ)

k

F (ε) = J(u+ εϕ)

=
1
2

∫
Ω

|4(u+ εϕ)|2dx−
∫

Ω

f(u+ εϕ)dx

=
1
2

∫
Ω

|4u|2dx+ ε

∫
Ω

4u · 4ϕdx+
1
2
ε2

∫
Ω

ϕ2dx−
∫

Ω

fudx− ε

∫
Ω

fϕdx

l
F���3ε = 0?�����,dFermat½n,

F ′(0) =
∫

Ω

4u · 4ϕdx−
∫

Ω

fϕdx = 0

=u ∈ H2
B(Ω)´¯K(D2)�f).
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b) 7�5:
�u ∈ H2

B(Ω)´¯K(D2)�f),·�y²u´J����.∀ϕ ∈ H2
B(Ω),òψ = ϕ − u ∈ H2(Ω)�

�Á�¼ê�\f)½Âªk ∫
Ω

4u · 4ψdx =
∫

Ω

fψdx

u´

J(ϕ) = J(ψ + u)

=
1
2

∫
Ω

|4(ψ + u)|2dx−
∫

Ω

f(ψ + u)dx

=
1
2

∫
Ω

|4ψ|2dx+ J(u) +
∫

Ω

4u · 4ψdx−
∫

Ω

fψdx

=
1
2

∫
Ω

|4ψ|2dx+ J(u)

≥ J(u)

3) 1) �35
d��ý�.�§nØ,�Ω´k.«�,∂Ω ∈ C2, f ∈ L2(Ω),¯K{

−4u = f, x ∈ Ω
u|∂Ω = 0

k
||u||H2(Ω) ≤ C||f ||L2(Ω)

u´éu ∈ H2
B(Ω),�f = −4u ∈ L2(Ω),k

||u||H2(Ω) ≤ C||4u||L2(Ω)

Xd,Bk

J(w) =
1
2

∫
Ω

|4w|2dx−
∫

Ω

fwdx

≥ C||w||2H2(Ω) −
ε

2
||u||2L2(Ω) −

1
2ε
||f ||L2(Ω)

≥ C||w||2H2(Ω) −
1
2ε
||f ||L2(Ω)

l
J(w)´r��.2ÓþK,´yJ(w)´fe�ëY�.u´J(w)U�����u ∈ H2
B(Ω),d2),=

�¯K(D2)�f).
2) ��5
e,ku′�¯K(D2)�f),K∫

Ω

4(u− u′) · 4ϕdx = 0,∀ϕ ∈ C∞(Ω̄)

= ∫
Ω

4(u− u′) · ϕdx = 0,∀ϕ ∈ C∞(Ω̄)

u´
4(u− u′) = 0, x ∈ Ω




(u− u′)|∂Ω = u|∂Ω − u′|∂Ω = 0

dLaplace�§�4��n,ku = u′,=y��5. �

5:3)�y²^�Xe�½n:
�X´g�B∗�m(l
�´B�m),f´Xþ�¢�¼,XJ

1) f´fe�ëY�,=
X ⊃ {xn}⇀ x⇒ f(x) ≤ lim

n→∞
f(xn)
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2) f´r��,=
lim

||x||→∞
f(x) = +∞

Kf3XþU�����.

y²:

1) fke.
eØ,,

∃{xn} ⊂ X, s.t. f(xn) < −n

a) {xn}k.,KdEberlein½n,�3f�{xnk
}⇀ x,
k

f(x) = lim
k→∞

f(xnk
) = −∞

gñ.
b) {xn}Ã.,
kf�{xnk

},¦�||xnk
|| → ∞(k →∞,ùq�f�r�5gñ

2) fU��e(.
�m = infx∈Xf(x),K�3{xn} ⊂ X,¦�f(xn) → m(n→∞),
{xn}k.,kf�{xnk

}⇀ x,u´

m ≤ f(x) ≤ lim
k→∞

f(xnk
) = lim

n→∞
f(xn) = m

=f(x) = m.y�.

3 �Ω´Rn¥�k.«�,∂Ω¿©1w,aij ∈ L∞(Ω)(i, j = 1, 2, · · · , n), c ∈ L∞(Ω), f ∈ L2(Ω), f i ∈ L2(Ω)(i =
1, 2, · · · , n), g ∈ H1(Ω).q�aij = aji(i, j = 1, 2, · · · , n)�k�~êλ¦¤á

aijξiξj ≥ λ|ξ|2,∀ξ ∈ Rn,∀x ∈ Ω

�Ä>�¯K

(D3)

{
−Dj(aijDiu) + cu = f +Dif

i, x ∈ Ω
γ(u− g) = 0

Á^C©�ny²:¯K(D3)�3���f)u ∈ H1(Ω).
y²:

1) f)�½Â:
u ∈ H1(Ω) ¡�¯K(D3)�f),XJw = u− g ∈ H1

0 (Ω)÷v∫
Ω

aijDi(w + g) ·Djϕ+ c(w + g)ϕdx =
∫

Ω

fϕ− f iDiϕdx,∀ϕ ∈ H1
0 (Ω)

2) C©�n:
�w ∈ H1

0 (Ω)´�¼

J : H1
0 (Ω) → R

ψ 7→ 1
2

∫
Ω

aijDiψ ·Djψ + cψ2dx

+
∫

Ω

aijDiψ ·Djgdx+
∫

Ω

cgψdx−
∫

Ω

(fψ − f iDiψ)dx

����,Ku = w + g´¯K(D3)�f).
∀ϕ ∈ H1

0 (Ω),�¼ê

F : R → R
ε 7→ J(w + εϕ)

6



K

F (ε) = J(w + εϕ)

=
1
2

∫
Ω

aijDi(w + εϕ)Dj(w + εϕ) + c(w + εϕ)2dx

+
∫

Ω

aijDi(w + εϕ)Djgdx+
∫

Ω

cg(w + εϕ)dx

−
∫

Ω

f(w + εϕ)− f iDi(w + εϕ)dx

�F (ε)��,�3ε = 0?�����,dFermat½n,k

0 = F ′(ε)

=
∫

Ω

aijDiwDjϕ+ cwϕdx+
∫

Ω

aijDiϕDjgdx

+
∫

Ω

cgϕdx−
∫

Ω

fϕ− f iDigdx

l
u = w + g´¯K(D3)�f).
3) J´fe�ëY�
-J = J1 + J2,Ù¥

J1(ϕ) =
1
2

∫
Ω

aijDiψ ·Djψ + cψ2dx

J2(ψ) =
∫

Ω

aijDiψ ·Djgdx+
∫

Ω

cgψdx−
∫

Ω

(fψ − f iDiψ)dx

éu∀ψm ⇀ ψ(uH1
0 (Ω)),

éJ2,Ù¥�H1
0 (Ω)þ��5ëY�¼,�kJ2(ψm) → J2(ψ)(m→∞);

éJ1,-ϕm = ψm − ψ,Kϕm ⇀ 0(uH1
0 (Ω)),k

J1(ψm) = J1(ϕm + ψ)

=
1
2

∫
Ω

aijDi(ϕm + ψ)Dj(ϕm + ψ) + c(ϕm + ψ)2dx

≥
∫

Ω

aijDiϕDjψdx+
∫

Ω

cϕmψdx+ J1(ψ)

ü>-m→∞,�e4�k
lim

m→∞
J1(ψm) ≥ J1(ψ)

l
J´fe�ëY�.
4) �3~êc0 ≤ 0,¦��c ≥ c0�,J´r��

J(ψ) =
1
2

∫
Ω

aijDiψ ·Djψ + cψ2dx

+
∫

Ω

aijDiψ ·Djgdx+
∫

Ω

cgψdx−
∫

Ω

(fψ − f iDiψ)dx

≥ 1
2

∫
Ω

aijDiψDjψdx+
c0
2

∫
Ω

ψ2dx− ε

2

∫
Ω

aijDiψDjψdx

− 1
2ε

∫
Ω

aijDigDjgdx+
c0ε

2

∫
Ω

ψ2dx+
c0
2ε

∫
Ω

|g|2dx

−ε
2

∫
Ω

ψ2dx− 1
2ε

∫
Ω

|f |2dx− ε

2

∫
Ω

|∇ψ|2dx− 1
2ε

∫
Ω

f if idx

=
(
λ

2
− λε

2
− ε

2

) ∫
Ω

|∇ψ|2dx+
(c0

2
+
c0ε

2
− ε

2

) ∫
Ω

ψ2dx

− 1
2ε

∫
Ω

aijDigDjgdx+
c0
2ε

∫
Ω

|g|2dx− 1
2ε

∫
Ω

f2dx− 1
2ε

∫
Ω

f if idx

≥ min

{
λ− λε− ε

4
,
λ− λε− ε

4µ
+
c0
2

+
c0ε

2
− ε

2

}
||ψ||H1(Ω)

− 1
2ε

∫
Ω

aijDigDjgdx+
c0
2ε

∫
Ω

|g|2dx− 1
2ε

∫
Ω

f2dx− 1
2ε

∫
Ω

f if idx

7



yX8�ε > 0¿©�,¦�

λ− λε− ε

4
> 0,

λ− λε− ε

4µ
− ε

2
> 0

�

c0 ∈
(

max
{
− 2

1 + ε

[
λ− λε− ε

4µ
− ε

2

]
,−λ

µ

}
, 0

)
KkJr�.

5) f)��35
d3), 4)��¼JUuw ∈ H1

0 (Ω)Ñ�����,2d2)�u = w + g=´¯K(D3)�f).
6) f)���5
�u1, u2 ∈ H1(Ω)þ�¯K(D3)�f),-

w1 = u1 − g, w2 = u2 − g, w = w1 − w2 ∈ H1
0 (Ω)

Kdf)�½Âªk ∫
Ω

aijDiwDjϕ+ cwϕdx = 0,∀ϕ ∈ H1
0 (Ω)

AO�ϕ = w,k

0 =
∫

Ω

aijDiwDjw + cw2dx

≥ λ

∫
Ω

|∇w|2dx+ c0

∫
Ω

w2dx

≥
(
λ

µ
+ c0

) ∫
Ω

|w|2dx

l
 ∫
Ω

|w|2dx = 0, w = 0, a.e.uΩ,=kw1 = w2,
u1 = u2, a.e.uΩ

4 �Ω´Rn¥�«�,aij ∈ W 1,∞(Ω)(i, j = 1, 2, · · · , n), c ∈ L∞(Ω), f ∈ L2(Ω),�aij÷v1nK��½5^

�,�u ∈ H1(Ω)e��§3«�Ωþ�f):

−Dj(aijDiu) + cu = f

y²:u ∈ H2
loc(Ω).

y²:∀Ω′ ⊂⊂ Ω,�Ω�éuΩ′��ä¼êη,÷v

0 ≤ η(x) ≤ 1uΩ; η(x) = 1uΩ′; |∇η| ≤ C,uΩ

Ù¥C = C(n,Ω, dist(Ω′s, ∂Ω)).
-ϕ(x) = 4k∗

h (η24k
hu)(k = 1, 2, · · · , n),K�h¿©��,ϕ(x) ∈ H1

0 (Ω),��Á�¼ê�\¯K(D4)�f)
½Âª¥k ∫

Ω

aijDiuDjϕdx+
∫

Ω

cuϕdx =
∫

Ω

fϕdx

�> =
∫

Ω

aijDiuDjϕdx+
∫

Ω

cuϕdx

=
∫

Ω

aijDiuDj(4k∗
h (η24k

hu))dx+
∫

Ω

cu4k∗
h (η24k

hu)dx

=
∫

Ω

4k
h(aijDiu)Dj(η24k

hu))dx− C

∫
Ω

u4k∗
h (η24k

hu)dx

≥
∫

Ω

(T k
h aijDi4k

hu+4k
haijDiu)Dj(η24k

hu))dx− Cε

∫
Ω

|4k∗
h (η24k

hu)|2dx−
C

ε

∫
Ω

u2dx

≥
∫

Ω

(T k
h aijDi4k

hu+4k
haijDiu)Dj(η24k

hu)dx− Cε

∫
Ω

|4k∗
h (η24k

hu)|2dx−
C

ε

∫
Ω

u2dx

=
∫

Ω

η2T k
h aijDi4k

huDj4k
hudx+ 2

∫
Ω

T k
h aij(ηDi4k

hu)(4k
huDjη)dx

−C
∫

Ω

DiuDj(η24k
hu)dx− Cε

∫
Ω

|4k∗
h (η24k

hu)|2dx−
C

ε

∫
Ω

u2dx

= I1 + I2 + I3 + I4

8
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I1 =
∫

Ω

η2T k
h aijDi4k

huDj4k
hudx+ 2

∫
Ω

T k
h aij(ηDi4k

hu)(4k
huDjη)dx

≥
∫

Ω

η2T k
h aijDi4k

huDj4k
hudx− ε

∫
Ω

η2T k
h aijDi4k

huDj4k
hudx−

1
ε

∫
Ω

T k
h aij |4k

hu|2DiηDjηdx

≥ (1− ε)
∫

Ω′
T k

h aijDi4k
huDj4k

hudx−
1
ε

∫
Ω

T k
h aij |4k

hu|2DiηDjηdx

≥ λ(1− ε)
∫

Ω′
|4k

h∇u|2dx−
C

ε

∫
Ω

|4k
hu|2dx

≥ λ(1− ε)
∫

Ω′
|4k

h∇u|2dx−
C

ε

∫
Ω

|∇u|2dx

I2 = −C
∫

Ω

DiuDj(η24k
hu)dx

≥ −C
ε

∫
Ω

|∇u|2dx− Cε

∫
Ω

|∇(η24k
hu)|2dx

= −C
ε

∫
Ω

|∇u|2dx− 2C
∫

Ω

|2η4k
hu∇η|2dx− 2Cε

∫
Ω

η2|4k
h∇u|2dx

≥ −C
ε

∫
Ω

|∇u|2dx− 8Cε
∫

Ω

|∇u|2dx− 2Cε
∫

Ω

|4k
h∇u|2dx

I3 = −C
ε

∫
Ω

u2dx

I4 = −Cε
∫

Ω

|4k∗
h (η24k

hu)|2dx

≥ −2Cε
∫

Ω

|2η4k
hu∇η|2dx− 2Cε

∫
Ω

η2|4k
h∇u|2dx

≥ −8Cε
∫

Ω

|∇u|2dx− 2Cε
∫

Ω′
|4k

h∇u|2dx

m> =
∫

Ω

fϕdx

≤ 1
2ε

∫
Ω

f2dx+
ε

2

∫
Ω

ϕ2dx

≤ 1
2ε

∫
Ω

f2dx+
ε

2

[
8

∫
Ω

|4u|2dx+ 2
∫

Ω

|4h
k∇u|2dx

]
=

1
2ε

∫
Ω

f2dx+ 4ε
∫

Ω

|4u|2dx+ ε

∫
Ω′
|4h

k∇u|2dx

dþ=�

λ(1− 2ε)
∫

Ω′
|4k

h∇u|2dx ≤ C(||u||2H1(Ω + ||f ||2L2(Ω))

l
 ∫
Ω′
|Dk∇u|2dx ≤ C(||u||2H1(Ω) + ||f ||2L2(Ω))

||u||H2(Ω′) ≤ C(||u||H1(Ω) + ||f ||L2(Ω))

u ∈ H2
loc(Ω) �

5 �f ∈ L2(Rn
+),
u ∈ H1(Rn

+)´e��§3«�Rn
+þ�f):

(D4)

{
−4u = f(x), x ∈ Rn

+

u|∂Rn
+

= 0

9



ùpRn
+ = {x = (x′, xn) ∈ Rn

+ | x′ ∈ Rn−1, xn > 0}.
y²:u ∈ H2(Rn

+).
y²:�Rn

+���ÛÜk�mCX{Ωi},=

∃N > 0, s.t.K;⇒ Card{i | Ωi ∩K 6= ∅} ≤ N

2�láu{Ωi}�ü ©){ηi},¦�

suppηi ⊂ Ωi�ηi,∇ηi,∇Djηi���k.

KdPoisson�§Dirichlet¯Kf)�SÜ�K5�C>�K5k

||u||2H2(Rn
+) ≤ C

∞∑
i=1

||u||2H2(Ωi∩Rn
+) ≤ C

∞∑
i=1

[
||u||2H1(Ωi∩Rn

+) + ||f ||2L2(Ωi∩Rn
+)

]
≤ C

[
||u||2H1(Rn

+) + ||f ||2L2(Rn
+)

]
=k

u ∈ H2(Rn
+)

,yXe:

1) H1
0 (Rn

+) =
{
u ∈ H1(Rn

+) | γu = 0
}
.¯¢þ,w,,H1

0 (Rn
+) ⊂

{
u ∈ H1(Rn

+) | γu = 0
}
.ey�L5��

¹'X,�d�u ∈ H1(Rn
+)),�γu = 0.Ké∀ϕ ∈ C∞0 (Rn))kϕu ∈ H1

0 (Rn
+)),éz�R > 0,�ϕR ∈

C∞0 (Rn)¦�ϕR(x) = 1u{x | |x| ≤ R};ϕR(x) = 0u{x | |x| ≥ R+ 1}; |∇ϕ| ≤ C(C�RÃ').-uR =
ϕRu,K

uR ∈ H1
0 (Rn

+)� lim
R→∞

||uR − u||H1(Rn
+) = 0

¤±u ∈ H1
0 (Rn

+).

2) u ∈ H2(Ω).du ∈ H1(Rn
+)9u|∂Rn

+
= 0�u ∈ H1

0 (Rn
+).∀1 ≤ k ≤ n − 19h > 0,kϕ = 4k∗

h 4k
hu ∈

H1
0 (Rn

+),��Á�¼ê�\¯K(D5)f)�½Âª,k∫
Rn

+

|∇Dku|2dx ≤
∫

Rn
+

|4k
h∇u|2dx =

∫
Rn

+

4k
h∇u · 4k

h∇udx =
∫

Rn
+

∇u · ∇4k∗
h 4k

hudx

=
∫

Rn
+

∇u · ∇ϕdx =
∫

Rn
+

fϕdx

≤ 1
2

∫
Rn

+

f2dx+
1
2

∫
Rn

+

|4k∗
h 4k

hu|2dx ≤
1
2

∫
Rn

+

f2dx+
1
2

∫
Rn

+

|4k
h∇u|2dx

≤ 1
2

∫
Rn

+

f2dx+
1
2
|∇Dku|2dx

u´k ∫
Rn

+

|∇Dku|2dx ≤
∫

Rn
+

f2dx, k = 1, 2, · · · , n

=

Diju ∈ L2(Rn
+), 1 ≤ i ≤ n− 1, 1 ≤ j ≤ n




Dnnu = −
n−1∑
k=1

Diiu− f ∈ L2(Rn
+)

�k
u ∈ H2(Rn

+) �
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