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A FEW FACTS ABOUT HARMONIC MAPS

ZUJIN ZHANG

ABSTRACT. We state some basic facts about the harmonic maps.

This is [1, 1.5].

Proposition 1. Let

1. Φ : M → M a C2-diffeomorphism;

2. and u ∈ C2(M; N) is a harmonic map with respect to (M, g).

Then

u ◦Φ ∈ C2(M; N) is a harmonic map with respect to (M, Φ∗g).

Proof. For v ∈ C2(M; N), we have

1
2

∫
M
|∇v|2g dvg =

1
2

∫
M
|∇ (v ◦Φ)|2Φ∗g dvΦ∗g.

�

Proposition 2. Let

1. (M, g1) be a Riemann surface;

2. Φ : (M, g1)→ (M, g2) be a conformal map;

3. and u ∈ C2(M; N) is a harmonic map with respect to (M, g2).

Then

u ◦Φ ∈ C2(M; N) is a harmonic map with respect to (M, g1).
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Proof. By setting Φ∗g2 = e2ϕg1, we have

E(v ◦Φ, g1) =
1
2

∫
M

trg1 ((v ◦Φ)∗ h) dvg1

=
1
2

∫
M

tre−2ϕΦ∗g2 (Φ∗ (v∗h)) e−2ϕdvΦ∗g2 (n = dim M = 2)

=
1
2

∫
M

trΦ∗g2 (Φ∗ (v∗h)) dvΦ∗g2

(
(cA)−1 =

1
c

A−1
)

=
1
2

∫
M

trg2 (v∗h) dvg2

= E(v, g2),

for all v ∈ C2(M; N). �

Remark 3. 1. Harmonic maps from S 1 to N correspond to closed

geodesic in N.

2. The set of harmonic maps from a Riemannian surface M depends only

on the conformal structure of M.

3. Let Id : (M, g) → (M, g) be the identity map. then Id is a harmonic

map.

Proof. Since u(x) = Id(x) = x, we have

τk(u) = gαβ
[
uk
αβ −

(
ΓM

)γ
αβ

uk
γ +

(
ΓN

)k

i j
(u)ui

αu j
β

]
= gαβ

[
0 −

(
ΓM

)γ
αβ
δk
γ +

(
ΓM

)k

i j
δi
αδ

j
β

]
= 0.

�

4. For n = dim M = 2, any conformal map Φ : (M, g1) → (M, g2) is a

harmonic map.

Proof.

(M, g1)
Φ
→ (M, g2)

Id
→ (M, g2).
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