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The Chebyshev collocation spectral method for discrete ordinates equation is presented to solve com-
bined radiation and conduction heat transfer problem in semitransparent graded index media. The angu-
lar dependence of the problem is discretized by discrete ordinates method, and the space dependence is
expressed by Chebyshev polynomial and discretized by collocation spectral method. The exponential
convergence characteristic of the spectral methods is studied. The comparisons between the present
results and those available in references indicate that, the Chebyshev collocation spectral-discrete ordi-
nates method (SP-DOM so called) for combined radiation and conduction heat transfer in one-dimen-
sional semitransparent medium with graded index is accurate and efficient.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Combined radiation and conduction heat transfer in graded in-
dex media exists in many engineering applications [1]. These appli-
cations include, for example, the analysis of heat transfer process
in glasses and thermal protecting coatings, the optical measure-
ment of flame, and so on. Because the ray goes along a curved path
determined by Fermat principle [2,3], the solutions of combined
radiation and conduction heat transfer in graded index (in other
words, variable spatial refractive index) are more difficult than
those in uniform index.

Various approximate and numerical methods have been devel-
oped for combined radiation and conduction heat transfer in the
semitransparent media with graded index. In the early 1993, for
radiative heat transfer in semitransparent graded index medium,
Siegel and Spuckler [4] developed a model of one-dimensional
composite medium made of several sublayers, each of them being
treated as a slab at uniform index bounded by diffuse surfaces.

Up to now, many numerical methods have been proposed to
solve the combined radiation and conduction heat transfer in
graded index medium. For example, Ben Abdallah and Le Dez [5]
presented a curved ray tracing method. Xia et al. [6] and Huang
[7,8] proposed a combined curved ray tracing and pseudo-source
adding method. Liu et al. [9] developed a discrete curved ray trac-
ing method, later Liu and his other coworkers [10] employed a
meshless local Petrov–Galerkin (MLPG) approach. In Ref. [10], even
the cases of linear and sinusoidal spatial variable refractive indices
were considered. Yi et al. [11] analyzed the effects of variable
ll rights reserved.
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refractive index on steady and transient heat transfer inside a scat-
tering semitransparent slab. Recently, Tan et al. [12] proposed a
discrete curved ray-tracing method to solve transient combined
heat transfer in a semitransparent medium with graded index.

In the community of numerical simulations, it is well known
that the spectral methods can provide exponential convergence
(in other words, spectral accuracy) [13], and have been widely
applied in computational fluid dynamics [14,15], electrodynam-
ics [16], and magnetohydrodynamics [17]. While early in 1992,
Zenouzi and Yener [18,19] used the Galerkin method to solve
the radiative part of a radiation and natural convection com-
bined problem; later Kuo et al. [20,21] made a numerical com-
parison for spectral methods and finite volume method to
solve the radiation and natural convection combined problem,
and they concluded that the spectral methods are more accu-
rate; Ganz et al. [22] used spectral methods for radiative heat
transfer in a reacting flow; De Oliveira et al. [23] made a combi-
nation of spectral method and Laplace transform to solve radia-
tive heat transfer in an isotropic scattering media; last year, the
collocation spectral method for radiative part in stellar modeling
was carried out [24]; very recently, in Modest and Singh’s work
[25], the spherical harmonics method (PN method so called, from
mathematical view, the PN method belongs to the category of
spectral methods) was further developed to reduce the number
of first-order partial differential equations.

Another four works regarding radiative transfer are the refer-
ences [26–29]. However, all these four works are not really corre-
lated with ‘‘heat transfer” by thermal radiation but with quantum
physics [26], electromagnetic wave [27,28] and beam wave [29]
propagation and scattering. Besides this fact, their final resultant
algebraic equations need to be solved are in coefficient space, in
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Nomenclature

A matrix defined in Eq. (24)
B matrix defined in Eq. (24)
Dð1Þs the first order derivative matrix
Dð2Þs the second order derivative matrix
F matrix defined in Eq. (24)
hj function of the first order derivative of Chebyshev

polynomial
I radiative intensity (W m�2 sr�1)
Ib blackbody radiative intensity (W m�2 sr�1)
ka absorption coefficient (m�1)
ks scattering coefficient (m�1)
L slab thickness (m)
M the direction number
n refractive index
N total number of solution nodes
Ncr conduction–radiation parameter
P matrix defined in Eq. (26)
s standard Guass–Lobatto points (m)
T temperature (K)
Tk the first kind Chebyshev polynomial
Tref reference temperature (K)
V matrix defined in Eq. (26)
wm weight corresponding to the direction m
x axial coordinate (m)
X dimensionless axial coordinate

Greek symbols
a coefficient defined in Eq. (7)
b extinction coefficient (m�1)

c dimensionless derivative of refractive index
c0 derivative of refractive index (m�1)
� wall emissivity
H dimensionless temperature
Ĥ coefficients for spectral approximation in Eq. (21)
j thermal conductivity (W m�1 K�1)
l direction cosines
r Stefan–Boltzmann constant (W m�2 K�4)
sL optical thickness
U scattering phase function
w dimensionless radiative intensity
ŵ coefficients for spectral approximation in Eq. (20)
W dimensionless radiative heat flux
x scattering albedo

Subscripts
0 value at x=0
L value at x ¼ L
i,j,k solution node index

Superscripts
m;m0m� 1=2 angular direction of radiation
� the last iterative value
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another word, spectral equations. Recently, for radiative and con-
ductive heat transfer in concentric spherical and cylindrical media
with uniform index, Aouled-Dlala et al. [30] have proposed the fi-
nite Chebyshev transform (FCT) to treat the angular derivative
terms in cylindrical and spherical systems. Now, Li et al. [31] have
developed the Chebyshev collocation spectral method for one-
dimensional radiative heat transfer even with anisotropic space
dependent scattering medium with uniform index; Sun and Li
[32] have presented this method to solve radiative heat transfer
special in one-dimensional graded index medium; Li et al. [33]
have proposed this method to solve coupled radiation and conduc-
tion in a concentric spherical participating medium.

In this paper, we extend the Chebyshev collocation spectral
method to solve the combined radiation and conduction heat
transfer problems in a one-dimensional semitransparent slab with
graded index. In the following sections, firstly, the SP-DOM formu-
lations for conduction–radiation heat transfer with graded index
are presented. Secondly, in order to validate the SP-DOM method,
some representative results are compared with those available in
the literatures. Finally, conclusions are given.
s
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L

x

1 20n

0ε Lε
0T LT

Ln

Fig. 1. Physical geometry of slab.
2. Formulations

The considered problem is of a combined radiation and conduc-
tion heat transfer in a one-dimensional semitransparent gray slab
with thickness L bounded by two opaque, diffuse and gray walls
(see Fig. 1). The refractive index n(x) varies along the axis coordi-
nate x. Other optical properties such as extinction coefficient b
and scattering albedo x are assumed to be constant. The thermal
conductivity j is uniform over the slab. On both sides of the slab,
the emissivities are e0 and eL, and the temperatures are imposed
as T0 and TL, respectively.
For a steady state combined radiation and conduction heat
transfer, the energy equation can be written as

j
o2T
ox2 ¼ ka 4n2rT4 � 2p

Z 1

�1
I dl

� �
ð1Þ

with boundary conditions

Tjx¼0 ¼ T0 ð2aÞ
Tjx¼L ¼ TL ð2bÞ

The governing equation for radiative transfer in one-dimen-
sional absorbing–emitting–scattering medium with graded index
in term of radiation intensity reads [34]

l oIðx;lÞ
ox

þ c0
o

ol
½ð1� l2ÞIðx;lÞ� þ bIðx;lÞ

¼ n2kaIb þ
ks

2

Z 1

�1
Iðx;l0ÞUðl0;lÞdl0 in ½0; L� � ½�1;1� ð3Þ

with boundary conditions

Ið0;lÞ ¼ e0n2
0
rT4

0

p
þ 2ð1� e0Þ

Z 0

�1
Ið0;l0Þjl0jdl0 on

x ¼ 0; l 2 ð0;1� ð4aÞ
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IðL;lÞ ¼ eLn2
L
rT4

L

p
þ 2ð1� eLÞ

Z 1

0
IðL;l0Þjl0jdl0 on

x ¼ L l 2 ½�1;0Þ ð4bÞ

where c0 ¼ 1
n

dn
dx is the derivative of refractive index.

The discrete form of the radiative transfer equation is obtained
by evaluating Eq. (3) at each of the discrete direction and replacing
the integral by numerical quadrature

lm oImðxÞ
ox

þ c0
o

ol
ð1� l2ÞIðxÞ
� �� �

l¼lm

þ ðka þ ksÞImðxÞ

¼ n2kaIbðxÞ þ
ks

2

XM

m0¼1

Im0 ðxÞUðlm0 ;lmÞwm0 m ¼ 1;2; . . . ;M ð5Þ

The discrete ordinate representations of the boundary condi-
tions, Eqs. (4a) and (4b), are given by

Im
0 ¼

e0n2
0rT4

0

p
þ 2ð1� e0Þ

X
lm0<0

Im0

0 jlm0 jwm0 lm > 0 ð6aÞ

Im
L ¼

eLn2
LrT4

L

p
þ 2ð1� eLÞ

X
lm0>0

Im0

L jlm0 jwm0 lm < 0 ð6bÞ

The angular derivative term in Eq. (5) is discretized by central dif-
ference scheme, and its final form can be written as [35]

o

ol
ð1� l2ÞIðxÞ
� �� �

l¼lm

� amþ1=2Imþ1=2 � am�1=2Im�1=2

wm
ð7Þ

where Imþ1=2 and Im�1=2 are the angular intensities in the directions
mþ 1=2 and m� 1=2, and their appropriate relations are based on
the step schemes. Those are

amþ1=2Imþ1=2 ¼max amþ1=2;0
� 	

Im �max �amþ1=2;0
� 	

Imþ1 ð8aÞ
am�1=2Im�1=2 ¼max am�1=2;0

� 	
Im�1 �max �am�1=2;0

� 	
Im ð8bÞ

The constants am�1=2 only depend on the difference scheme and can
be determined by the following recurrences:

a1=2 ¼ aMþ1=2 ¼ 0 ð9aÞ
amþ1=2 � am�1=2 ¼ �2wmlm ð9bÞ

Finally, Eq. (5) can be rewritten as

lm oIm

ox
þ c0

wm
maxðamþ1=2;0Þ þ c0

wm
max �am�1=2;0

� 	
þ ðka þ ksÞ


 �

Im ¼ c0

wm
max �amþ1=2;0

� 	
Imþ1 þmaxðam�1=2;0ÞIm�1

h i

þ kan2rT4=pþ ks

2

XM

m0¼1

Im0Um0 ;mwm0 ð10Þ

For convenience of analysis, the energy equation, the discrete
ordinate equation, and the corresponding boundary conditions
are nondimensionalized

o2H

oX2 ¼
s2

L

Ncr
ð1�xÞ n2H4 � 1

2

XM

m¼1

wmwm

 !
ð11Þ

Hjx¼0 ¼ H0 ð12aÞ
Hjx¼L ¼ HL ð12bÞ

lm

sL

owm

oX
þ c

wm
max amþ1=2;0

� 	
þ c

wm
max �am�1=2; 0

� 	
þ 1

h i
wm

¼ c
wm

max �amþ1=2; 0
� 	

wmþ1 þ c
wm

max am�1=2; 0
� 	

wm�1

þ ð1�xÞn2H4 þx
2

XM

m0¼1

wm0Um0 ;mwm0 ð13Þ
wm
0 ¼ e0n2

0H
4
0 þ 2ð1� e0Þ

X
lm0<0

wm0
0 jlm0 jwm0 ;lm > 0 ð14aÞ

wm
L ¼ eLn2

LH
4
L þ 2ð1� eLÞ

X
lm0>0

wm0
L jlm0 jwm0 ;lm < 0 ð14bÞ

where the dimensionless temperature H, the dimensionless axial
coordinate X, the dimensionless derivative of refractive index c,
the dimensionless radiative intensity w, the conduction–radiation
parameter Ncr, the optical thickness sL, and the scattering albedo
x, are defined as following:

H ¼ T
Tref

; X ¼ x=L; c ¼ 1
sL

1
n

dn
dX

� �
; w ¼ pI

rT4
ref

;

Ncr ¼
jb

4rT3
ref

; sL ¼ bL; x ¼ ks

b
ð15Þ

where Tref is the reference temperature.
Eq. (13) for m ¼ 1;2; . . . ;M will not be iteratively solved based

on finite volume method as the conventional way in Refs. [36–
38]. As in Ref. [39], the strategy of the RTE discretization in this
article belongs to the category of so-called space-angle decoupling.

First, the mapping of arbitrary interval x 2 ½X1;X2� to standard
interval s 2 ½�1;1� is needed to fit the requirement of Chebyshev
polynomial

s ¼ 2x� ðX2 þ X1Þ
X2 � X1

; x ¼ sðX2 � X1Þ þ ðX2 þ X1Þ
2

ð16Þ

After mapping, the dimensionless RTE and energy equation
become

lm

sL

2
X2�X1

� �
o

os
þ c

wm
max amþ1=2;0

� 	
þ c

wm
max �am�1=2;0

� 	
þ1


 �

wm¼ c
wm

max �amþ1=2;0
� 	

wmþ1þ c
wm

max am�1=2;0
� 	

wm�1

þð1�xÞn2H4þx
2

XM

m0¼1

wm0Um0 ;mwm0 ð17Þ

2
X2 � X1

� �2
o2H
os2 ¼

s2
L

Ncr
ð1�xÞ n2H4 � 1

2

XM

m¼1

wmwm

 !
ð18Þ

The Gauss–Lobatto collocation points are used for spatial
discretization

si ¼ � cos
pi
N
; i ¼ 0;1; . . . ;N ð19Þ

The dimensionless unknown radiative intensity and temperature
can be approximated by Chebyshev polynomial as

wm
N ðsÞ ¼

XN

k¼0

ŵm
k TkðsÞ ð20Þ

HNðsÞ ¼
XN

k¼0

ĤkTkðsÞ ð21Þ

where wm
N ðsÞ � wmðsÞ; HNðsÞ � HðsÞ, the coefficients ŵm

k and Ĥk are
determined by the collocation points sk; k ¼ 0;1; . . . ;N; and the
TkðsÞ is the first kind Chebyshev polynomial. The polynomial of de-
gree N defined by Eqs. (20) and (21) can be the Lagrange interpola-
tion polynomial based on the set fsig like

wm
N ðsÞ ¼

XN

j¼0

hjðsÞwmðsjÞ ð22Þ

HNðsÞ ¼
XN

j¼0

hjðsÞHðsjÞ ð23Þ

where hjðsÞ is a function of the first order derivative of Chebyshev
polynomial.
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Fig. 2. Dimensionless temperature distributions in the case of sL ¼ 1:0; Ncr ¼
0:04409 and e0 ¼ eL ¼ 1:0.
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To avoid spectral coefficients solution and fast cosine transfor-
mation, we use Eqs. (22) and (23) rather than Eqs. (20) and (21)
in Eqs. (17) and (18).

Substituting Eq. (22) into Eq. (17), one can obtain the spectral
discretized algebraic equations

ðAm þ BmÞwm ¼ Fm ð24Þ

where the elemental expressions for matrix Am
; Bm and Fm are

Am
ik ¼

lm

sL

2
X2 � X1

� �
Dð1Þs;ik

Bm
ik ¼

cðsiÞ
wm max amþ1=2; 0

� 	
þ cðsiÞ

wm maxð�am�1=2; 0Þ þ 1; i ¼ k

0; otherwise

(

Fm
i ¼

cðsiÞ
wm

max �amþ1=2; 0
� 	

wmþ1ðsiÞ þ
cðsiÞ
wm

max am�1=2; 0
� 	

wm�1ðsiÞ

þ ð1�xÞn2ðsiÞH4ðsiÞ þ
x
2

XM

m0¼1

wm0 ðsiÞUm0 ;mwm0

and the Dð1Þs is the first order derivative matrix in s direction corre-
sponding to Gauss–Lobatto collocation points and its detailed com-
putation can be found in Ref. [15].

Boundary conditions, given by Eqs. (14a) and (14b), must be im-
ported before solving Eq. (24). For the Dirichlet boundary condi-
tion, it can be easily imported and the detail can be found in
[13–15,40].

Eq. (18) is a strong non-linear partial differential equation. To
reduce the nonlinearity of Eq. (18), we tried to rearrange it as

2
X2 � X1

� �2
o2H
os2 �

2ð1�xÞs2
L

Ncr
n2H4

¼ � s2
L

Ncr
ð1�xÞ n2H4 þ 1

2

XM

m¼1

wmwm

 !
ð25Þ

Similarly, the spectral discretization of energy equation can be writ-
ten in matrix form

PH ¼ V ð26Þ

where the elemental expressions for matrix P, and V are

Pik ¼
2

X2�X1

� 

Dð2Þs;ik �

2ð1�xÞs2
L

Ncr
n2ðsiÞ½H�ðsiÞ�3; i ¼ K

2
X2�X1

� 

Dð2Þs;ik; otherwise

8><
>:

Vi ¼ �
s2

L

Ncr
ð1�xÞ n2ðsiÞ½H�ðsiÞ�4 þ

1
2

XM

m¼1

wmðsiÞwm

( )

where the superscript ‘‘�” of dimensionless temperature H denotes
the last iterative value, and the matrix Dð2Þs is the second order
derivative matrix in s direction corresponding to Gauss–Lobatto col-
location points. Boundary conditions, given by Eqs. (12a) and (12b),
must be imported before solving Eq. (26).

The implementation of Chebyshev collocation spectral method
for solving combined radiation and conduction heat transfer in
graded index medium can be executed through the following
routine:

Step1: Choose the resolution N and compute the coordinate val-
ues of nodes, hence compute the derivative of refractive index
cðsÞ at nodes.
Step 2: Choose the direction number M and the corresponding
direction cosine, as well as the weights wm, hence compute
the angular difference constants a.
Step 3: Give dimensionless radiative intensity wm and dimen-
sionless temperature H initial assumptions (zero for example)
in all directions and all nodes except for boundaries.
Step 4: Start iteration in each angular direction for
m ¼ 1;2; . . . ;M, and assemble matrices Am

; Bm and Fm. Import
Dirichlet boundary conditions and solve the discretized RTE
Eq. (24) to update the dimensionless radiative intensity wm field
of each direction.
Step 5: Assemble the matrices P and V, import Dirichlet bound-
ary conditions and solve the discretized energy Eq. (26) to
update the dimensionless temperature.
Step 6: Terminate the iteration if the maximum absolute differ-
ence of the last and present dimensionless radiative intensity or
temperature is less than the tolerance (10�12 for example),
otherwise go back to step 4.
3. Results and discussion

To verify the Chebyshev collocation spectral method for com-
bined radiation and conduction heat transfer in one-dimensional
semitransparent medium with graded index, three various test
cases are adopted. For the following numerical study, the tempera-
ture of boundary walls are imposed as T0 ¼ 1000 K and TL ¼
1500 K, the reference temperature is Tref ¼ 1000 K, and the thick-
ness of the slab keeps a constant value of 1 cm.
3.1. Case 1: one-dimensional non-scattering gray medium with linear
refractive index

In this case, we consider the combined radiation and conduc-
tion heat transfer in an absorbing–emitting medium with linear
refractive index. The dimensionless temperature distributions ob-
tained by SP-DOM are plotted in Fig. 2 for the case of
sL ¼ 1:0; Ncr ¼ 0:04409 and e0 ¼ eL ¼ 1:0, and have been validated
against available results in Ref. [7]. In this literature, Huang employ
the pseudo-source adding method in combination with the curved
ray tracing technique (PSA-CRT). Here, a resolution (number of
nodes) of 19 is used for spatial discretization in our work, however,
100 nodes are used in Ref. [7] for PSA-CRT method. As shown in
Fig. 2, the results of the SP-DOM match very well with those of
Huang for different emissivities of boundary walls. In general, the
maximum relative error between these results is less than 1.1%.

The dimensionless radiative heat flux distributions are shown in
Fig. 3 for the case of sL¼10:0; Ncr¼4:40917; e0¼1:0 and eL¼0:2,
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but with two combinations of n0 and nL.The dimensionless radia-
tive heat flux is defined by

W ¼ 2p
Z 1

�1
Ildl


 �
= n2

0rðT
4
0 � T4

L Þ
h i

ð27Þ

For the purpose of comparison, the results obtained by Xia et al.
which are based on PSA-CRT method from Ref. [6] are copied.
Again, the SP-DOM results agree very well with them.

The exponential convergence characteristics of spectral meth-
ods [13] for the solution of dimensionless temperature distribution
for different values of conduction–radiation parameter are studied.
Now, for the sake of quantitative comparison with the benchmark
solution, the integral averaged relative error of spectral methods is
defined as

Integra averaged relative error

¼
R
jspectra methods solution ðxÞ�benchmark results ðxÞjdxR

jbenchmark results ðxÞjdx
�100% ð28Þ

Fig. 4 shows the exponential convergence characteristics of
spectral methods against the resolution for the case of
nðxÞ ¼ 1:2þ 0:6ðx=LÞ; sL ¼ 1:0; and e0 ¼ eL ¼ 1:0, where the solu-
tion obtained using N=21 is considered as the benchmark solution.
It can be seen that the convergence rate is very fast for different
values of conduction–radiation parameter and approximately fol-
lows the exponential law. With the increase of conduction–radia-
tion parameter, the convergence rate tends to increase.

The effects of various combinations of resolutions and angular
directions on numerical solutions under the case of nðxÞ ¼ 1:2þ
0:6ðx=LÞ; sL ¼ 1:0; Ncr ¼ 0:04409 and e0 ¼ eL ¼ 1:0, are shown in
Fig. 5. Clearly, the combination of N=11 and M=4 almost gives
the same smooth solution as the combination of N=51 and M=12
does. The convergent characteristic of spectral methods is demon-
strated again in this article.

3.2. Case 2: one-dimensional non-scattering gray medium with
sinusoidal refractive index

In this case, a sinusoidal refractive index is studied. The SP-DOM
approach is used to solve the distribution of temperatures and radi-
ative heat fluxes in the slab. In Fig. 6, results of the SP-DOM have
been validated against those available in Ref. [10]. Again, a resolu-
tion of 19 is used for spatial discretization; however, 101 nodes
are used in Ref. [10] for MPLG method. Comparisons of the dimen-
sionless temperature H results for nðxÞ ¼ 1:8� 0:6 sinðpx=LÞ;
sL ¼ 1:0 and Ncr ¼ 0:04409 with different boundary conditions
are made in Fig. 6. From Fig. 6, the results of SP-DOM match very
well with those of Liu et al. [10] by MPLG, and the maximum rela-
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tive error of SP-DOM for the dimensionless temperature is less than
1.41%.

The dimensionless radiative heat flux distribution obtained by
SP-DOM is plotted in Fig. 7 in the case of sL ¼ 10:0; Ncr

¼ 4:40917 and e0 ¼ eL ¼ 1:0. Those results by MPLG are copied
from Ref. [10] again for comparison. As shown in Fig. 7, the maxi-
mum relative error of dimensionless radiative heat fluxes is less
than 1% with respect to the results of Ref. [10].

3.3. Case 3: one-dimensional isotropically scattering gray medium
with linear refractive index

In this case, we consider the combined radiation and conduc-
tion heat transfer in an isotropically scattering gray medium with
linear refractive index.

The dimensionless temperature distributions by SP-DOM with-
in the slab are shown in Fig. 8 for different refractive indices,
namely, nðxÞ ¼ 1:2þ 0:6ðx=LÞ and nðxÞ ¼ 1:8� 0:6ðx=LÞ. In this
case, the optical thickness is sL ¼ 10:0 the conduction–radiation
parameter is Ncr ¼ 0:44092, the wall emissivities are e0 ¼ 0:2 and
eL ¼ 1:0, and the scattering albedo is x ¼ 0:9. This case was also
used as a test case by Yi et al. [11] in which the discrete curved
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Fig. 8. Dimensionless temperature distributions in the case of
sL ¼ 10:0; Ncr ¼ 0:44092; e1 ¼ 0:2; e2 ¼ 1:0 and x ¼ 0:9.
ray tracing method was used. Same as above, a resolution of 19
is used for spatial discretization in our work, however, 100 nodes
are used in Ref. [11] for their discrete curved ray tracing method.
As shown in Fig. 8, the SP-DOM results agree with those obtained
by Yi et al. very well. The maximum relative error of our results is
less than 2% with respect to the values of Ref. [11].

The dimensionless temperature distributions by SP-DOM with-
in the slab are plotted in Fig. 9 for the case of nðxÞ ¼ 1:8� 0:6ðx=LÞ;
sL ¼ 1:0; Ncr ¼ 0:04409 and x ¼ 0:9, and compared to the results
obtained by Yi et al.[11]. The results by SP-DOM are very close to
those obtained by Yi et al.

The dimensionless temperature distributions by SP-DOM are
plotted in Fig. 10 for different scattering albedo, namely,
x ¼ 0:1; x ¼ 0:9 and x ¼ 0:99. For this case, the refractive index
nðxÞ ¼ 1:2þ 0:6ðx=LÞ, the optical thickness is sL ¼ 1:0, the conduc-
tion–radiation parameter is Ncr ¼ 0:04409, the wall emissivities
are e0 ¼ 0:2 and eL ¼ 1:0. In Ref. [11], Yi et al. employed the dis-
crete curved ray tracing method. For the case of small scattering al-
bedo and very strong scattering, no observable difference could be
detected between the results by SP-DOM and discrete curved ray
tracing method when they are presented in graphical form.
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4. Conclusions

The Chebyshev collocation spectral method is employed to
solve combined radiation and conduction heat transfer in one-
dimensional semitransparent medium with graded index. Both
the radiative heat transfer and energy equation are discretized
using Chebyshev collocation points in space. The numerical results
for typical cases verified that the Chebyshev collocation spectral
method can provide exponential convergence. Compared with
the other approximate solutions, such as, PSA-CRT, MLPG, and dis-
crete curved ray tracing method, from the formulations and imple-
mentations we can conclude that the present method, SP-DOM so
called, have good accuracy and high efficiency in solving the com-
bined radiation and conduction heat transfer in one-dimensional
semitransparent graded index medium.
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